MANIFOLDS WITH NEF ANTICANONICAL BUNDLE 



JUNYAN CAO AND ANDREAS HORING 



Abstract. Let X be a compact Kahler manifold such that the anticanonical 
bundle —Kx is nef. A classical conjecture claims that the Albanese map 
X — )■ T is submersive. We prove this conjecture if the general fibre is a weak 
Fano manifold. If X is projective we prove the conjecture also for fibres of 
dimension at most two. 



1. Introduction 

Let X be a compact Kahler manifold such that the anticanonical bundle —Kx 
is nef, and let tt: X T be the Albanese map. By the work of Zhang |Zha96| . 
Paun |Paul2j and the first named author [Caol3j we know that tt is a fibration, i.e. 
TT is surjective and has connected fibres. The aim of this paper is to give evidence 
for the following: 

1.1. Conjecture. [DPS94j Let X he a compact Kahler manifold such that ^Kx is 
nef, and let n : X T be the Albanese map. Then the fibration n is smooth. If the 
general ■n-fibre is simply connected, the fibration n is locally trivial in the analytic 
topology. 

This conjecture has been proven under the stronger assumption that Tx is nef 
or -Kx is hermitian semipositive [CPOTl IDPS98I IDPS94I IDPS96I ICDP12) . but 
the general case is very much open: so far it is only known in the case where 
q{X) — dimX, i.e. the Albanese map is birational [Z ha96[|Fan06) . If X is projective 
we also know that tt is equidimensional and has reduced fibres jLTZZlO"] . In low 
dimension explicit computations based on the minimal model program (MMP) 
allow to say more: 

1.2. Theorem. |PS98[ Thm.] Let X be a projective manifold such that —Kx is 
nef, and let t:: X be the Albanese map. If dim X < 3, then tt is smooth. 

We prove Conjecture II . II when the general fibre is a weak Fano manifold: 

1.3. Theorem. Let X be a compact Kahler manifold such that —Kx is nef and 
let TT : X ^ T be the Albanese map. Let F be a general tt- fibre. If —Kp is nef and 
big, then tt is locally trivial in the analytic topology. 
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Let us explain the strategy of proof under the stronger assumption that —Kx is 
TT-ample: for m ^ we have an embedding 

The main technical point is to show that the direct image sheaf 7r*(w®~'") is a nef 
vector bundle and (_if^)diinX-dimT+i _ \i X is projective this is not very 
difficult, the non- algebraic case needs substantially more effort and should be of 
independent interest. Combining these two facts an intersection computation shows 
that 7r*(a;^~™) is actually numerically flat, i.e. nef and antinef. Yet a numerically 
flat vector bundle is a rather special local system jSim92[ Sect. 3], so an argument 
from |Caol2| allows to show that the equations of the fibres Xt C P(7r*(a;^~™)t) 
do not depend on f S T. In particular all the fibres are isomorphic, so tt is locally 
trivial. If —Kx is only nef and 7r-big, the same considerations show that the relative 
anticanonical fibration X' T \s locally trivial. We then use birational geometry 
to deduce that X ^ T \s also locally trivial. Theorem 11.31 immediatelv implies: 

1.4. Corollary. Let X he a compact Kdhler manifold such that —Kx is nef. 
Conjecture \l.l\ holds if q{X) = dimX — 1. 

This also settles the problem in low dimension. 

1.5. Corollary. Let X he a compact Kdhler manifold such that —Kx is nef. 
Conjecture \1.1\ holds if dim X < 3. 

In the second part of the paper we turn our attention to the case where the 
positivity of —Kx is not strict, even along the general 7r-fibre. We use the MMP 
to prove Conjecture 11.11 for fibres of low dimension. 

1.6. Theorem. Let X he a projective manifold such that —Kx is nef. Conjecture 
[jj] holds if q{X) =dimX - 2. 

The basic idea of the proof is very simple: find a Mori contraction jj, : X ^ Y 
onto a projective manifold Y ^ T such that -Ky is nef and relatively big. Then 
—Kx — fJ.* Ky is nef and relatively big, using the birational morphism 

X^X' C P(^,(aj|-" ® M*^?""))- 

we can prove as in Theorem 11.31 that X ^ T is locally trivial. Unfortunately it is 
a priori not clear that such a contraction X ^ Y exists. In fact the second named 
author constructed an example of a (rationally connected) projective threefold AI 
such that —Km is nef and not big and M = BlsM' with B a smooth rational curve 
such that —Km' ■ B < [HorlOl Ex. 4. 8]. This problem already appeared in the 
work of Peternell and Serrano and we follow the same strategy to overcome this 
difficulty: let X' /T be a Mori fibre space birational to X/T, then try to prove that 
—Kx' is nef. Once this property is established one can describe precisely all the 
steps of the MMP X X' . The contribution of this paper is to introduce a new 
method to establish this kind of statement: our proof is based on the idea that if 
we restrict the MMP to some (pluri-)anticanonical divisor D' C X', the numerical 
dimension of —Kx'\d' is zero or one. This observation quickly leads to strong 
restrictions on the MMP in a neighbourhood of D', cf. Lemma (5.161 The main 
point is thus to show the existence of global sections of —niKx for some m G N: 
this can be done on threefolds, but is completely open in higher dimension. 
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Notation and terminology 

For general definitions - at least in the algebraic context - we refer to Hartshorne's 
book |Har77) . We will frequently use standard terminology and results of the min- 
imal model program (MMP) as explained in |KM98| or [DebOlj . Manifolds and 
varieties will always be supposed to be irreducible. A fibration is a proper surjec- 
tive map with connected fibres ip: X between normal varieties. 

Let us recall the various positivity concepts that will be used in this paper. 

1.7. Definition. |Deml2] Let {X^ujx) be a compact Kdhler manifold, and let 
a G -ff^'^(A) n-ff^(A, M) be a real cohomology class of type (1,1). We say that a is 
nef if for every e> 0, there is a smooth (1, l)-form in the same class of a such 
that > —eujx- 

We say that a is pseudoeffective if there exists a (l,l)-current T > in the 
same class of a. We say that a is big if there exists a e > such that a — eu)x is 
pseudoeffective. 

1.8. Definition. Let a be a nef class on a compact Kdhler manifold X, and let 
TT : X ^ T be a fibration. We say that a is n-big if for a general fibre F , the 
restriction a\F is big. 

1.9. Definition. |Deml21 Def 6.20] Let X be a compact Kdhler manifold, and let 
a G H^'^{X) n i/^(A, R) be a real cohomology class of type (1, 1). Suppose that a 
is nef. We define the numerical dimension of a by 

nd(a) := max{fc G N | a*-' ^ m H^''{X,R)}. 

1.10. Remark. In the situation above, set m — nd(Q;). By [Demi 21 Prop 6.21] 
the cohomology class a™ can be represented by a non-zero closed positive (m, m)- 
current T. Therefore a" A w^^""^"'" ^ for any Kahler class ojx- 

1.11. Definition. Let M be a projective variety, and let L be a Q-Cartier divisor 
on M . We say that L is nef in codimension one if L is pseudoeffective and for 
every prime divisor D C M , the restriction L\o is pseudoeffective. 

1.12. Remark. If M is a normal projective variety and L a Q-Cartier divisor 
which is nef in codimension one, then is a pseudoeffective cycle, i.e. a limit of 
effective cycles of codimension two. Indeed if L = ^ ^jDj -I- TV is the divisorial 
Zariski decomposition |Bou04[ INak04| , we have 

L^ = Y,^jL\d,+L-N. 

By hypothesis the restriction L\d^ is pseudoeffective, so a limit of effective divisors 
on Dj. The class N is modified nef in the sense of [Bou04j . so its intersection with 
any pseudoeffective divisor gives a pseudoeffective cycle. 
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1.13. Definition. |Miy87| Let X be a normal, projective variety of dimension n, 
and let J- he a torsion free coherent sheaf on X . We say that J- is generically nef 
with respect to a polarisation A on X if J-\c is nef where 

C := Di n . . . n Ai-i 

with Dj G |'7tjj4| general and mj ^ 0. 

2. Numerical dimension 

In this section we give an upper bound for tire numerical dimension of —Kx- 

2.1. Proposition. Let X he a compact Kdhler manifold of dimension n such that 
—I'Cx is nef, and let n : X ^ T be the Alhanese map. Set r := dimT. // —Kx is 
TT-big, we have nd(— A'x) = n — r. 

2.2. Remark. If tire torus T is projective, this statement is well-known: in this 
case the manifold X is also projective, so if iid{—Kx) > n — r we can apply 
Kawamata-Viehweg vanishing |Dem01[ 6.13] to see that 

(1) H-{X,Ox)^H''{X,Kx + {-Kx))=0. 

The pull-back of a non-zero holomorphic r-form from T gives an immediate con- 
tradiction. We will also use the following special case of jADlll Thm.5.1]: 

2.3. Lemma. Let X be a normal projective variety and A a boundary divisor on 
X such that the pair {X, A) is kit. Let ip: X C be a fihration onto a smooth 
curve such that —{Kxjc + ^) is ^i^f om,<^ 'P-big. Then we have 

To prove Proposition 12.11 for arbitrary Kahler manifolds, we first prove that if 
nd{~Kx) > n — r + 1, then 7r»((— i^Tx)"^'^^^) is nontrivial . More precisely, we 
have 

2.4. Lemma. Let X be a compact Kdhler manifold of dimension n, and let 
■K : X ^ T he a surjective morphism onto a compact Kahler manifold (T,u!t) of 
dimension r. Let L be a line bundle on X that if nef and n-big. Ifnd{L) > n — r + 1, 
we have 

[ L"-''+i A {n*iJTy'^ > 0. 
Jx 

Proof. We suppose that nd(L) — n — r + k for some fc e N*. Since L is nef and 
TT-big, the class 

(2) a = L + C ■Tr*{ujT) 

is a nef class for any fixed constant C > 0, and a" > 0. Thanks to [DP041 Thm. 
0.5], there exists e > 0, such that a — euJx is a pseudoeffective class. Combining 
this with the fact that L is nef, we have 

(3) / L"-^'-+'' A a'-'' > e [ L'^-''+^ Aa"-^-^ Aiox 
JX Jx 

>e^ ( A a'-^-'^ A > • • ■ > e'-'= / A a;^'^ > 0, 

Jx Jx 
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where the last inequahty comes from Remark 11.101 By the definition of numerical 
dimension and we have 

(4) C"-'= • / A {7r*U}Ty^'' = / l^n-r+k ^ ^r-k_ 

J X Jx 
Now ^ and (g]) imply that 

(5) j L"-''+'= A {t:*lutY-^' > 0. 
On the other hand, since L is 7r-big, we have 

(6) / U'-"- A {TT*ujTy > 0. 

Jx 

Using the Hovanskii- Teissier inequality in the Kahler case (cf. Appendix |A|) . the 
inequalities © and © imply L"-r+i ^ {t:*ujtY^^ > 0. □ 

We recall a vanishing theorem proved in |Caol21 Prop. 2.4] 

2.5. Lemma. Let L be a line bundle on a compact Kdhler manifold {X^lo) of 
dimension n, and let tp be a metric on L with analytic singularities. Let Ai(a;) < 
■^2(2:) < • • • < A„(x) be the eigenvalues of ^Qip{L) with respect to u. If 

(7) f]A.(x)>c 

i=l 

for some constant c > independent of x ^ X, then 

H\X,Kx®L(Sl{ip))^0 yq>p. 

The following vanishing property plays an important role in the proof of Propo- 
sition [2?Tl Although it was essentially proved in |Caol2[ Prop. 5. 3], we give the proof 
since the situation here is a little bit more general. 

2.6. Proposition. Let {X,ujx) be a compact Kdhler manifold of dimension n, and 
L be a nef line bundle on X . Suppose that the following holds: 

(i) X admits a two steps tower flbration 

X — ^ T — ^ S 

where t: is a flbration onto a compact Kdhler manifold (T, lut) of dimension 
r, and tti is a smooth flbration onto a smooth curve S. 

(ii) L is TT-big and satisfies 

^,(ci(L)"-'-+i)-7ri*(w5) 
for a Kdhler metric ujs on S . 

Then we have 

H''{X,Kx (E) L) = yq>r. 

Proof By |Caol21 Lemma 5.10 the class L — d- 7r*7r*aj5 is pseudoeffective for some 
d > 0. Therefore there exists a singular metric hi on L such that 

iQhiiL) > d ■ ti*itIlos- 

^Note that the proof of |Caol2l Lemma 5.1] works well in our case. 
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Since ci(L) + ti*ojt is nef and /x(ci(i) + 7r*WT)" > 0, (DP04i Thm. 0.5] implies 
the existence of a singular metric /12 on L such that 

18/12 (-^) >C-UJX- IT* LOT 

in the sense of currents for some constant c > 0. Thanks to a standard regularization 
theorem |Dem92| . we can suppose moreover that /ii, /12 have analytic singularities. 
Since L is nef we know that for any e > 0, there exists a smooth metric on L 
such that iQh,_{L) > —etux- Now we define a new metric h on L: 

h = eihi + 62/12 + (1 - £1 - e2)K 

for some 1 ^ ei ^ £2 ^ e > 0. By construction, we have 

(8) lOhiL) = eiiQh, (L) + t2iQh, (L) + (1 - ei - £2)^6,,, (L) 

> d ■ €lTT*{uJs) - e2TT*{ljJT) + (c • £2 - £)wx. 

Set Wr = T • cja' + 7r*(a;T) for some t > 0. 

We now check that {i<dh{L),ujT) satisfies the condition ([7]) in Lemma 12.51 for 
p = r when r is small enough (i.e., we consider the eigenvalues of iQh{L) with 
respect to Wr, where t e). Let x G X and let ^ be a r dimensional subspace of 
iTx)x- By an elementary estimate, we hav^ 

iQh{L){v,v) C£2-£ d-£i 

sup — ^ > mm{ , — — } > (r - 1) • £2 

by the choice of t, £i,£2. Moreover, since £2 ^ £1, © implies that iQh{L) has 
at most (r — l)-negative eigenvectors and their eigenvalues with respect to uJt are 
larger than —£2. By the minimax principle, (iQh{L),ujT) satisfies the condition ([7|) 
in Lemma 12.51 Thus we have 



H''{X,Kx®L®I{h)) = Q \/q>r. 
Since £1, £2 are small enough, we have — Ox- Therefore we get 

m{X,Kx®L)^Q yq>r. 

□ 

To prove the main theorem in this section, we need another vanishing lemma. 
The idea of the proof is essentially the same as Proposition 12.61 

2.7. Lemma. Let {X,lux) be a compact Kdhler manifold of dimension n which 
admits a fibration tt : X ^ T onto a compact Kdhler manifold {T,ujt) of dimension 
r. Let L be a line bundle on X that is nef and ir-big, and let A be a line bundle on 
T that is semiample. //nd(A) — s, then we have 

H''{X,Kx (E)L(E)n*{A)) ^0 Vg>r-s + l. 



■^In fact, since tti is a submersion, lox decomposes the tangent bundle of T as Trp^g ©7rj(Tg) 
in the sense of C°°. Observing that vri is smooth and ei ^ e2, we have 

{t, t) > -^LOTit, t) for any t 6 n*{Ts). 

Since dimV = r, there exists an non zero element v G V such that TTt{v) G 7rJ'(Ts). By l(8) and 
(|9]l, we obtain 
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Proof. Since A is semiample of numerical dimension s, there exists a smooth metric 
Ha on A such that iGha (^) semipositive and has s strictly positive eigenvalues 
which admit a positive lower bound that does not depend on the point t G T. By 
the proof of Proposition l2.6[ there exists a metric /i2 on L with analytic singularities 
such that 

iQh^iL) > c - uJx - tt*ujt 
in the sense of currents for some constant c > 0. Note that L is nef. Then for any 
e > 0, there exists a smooth metric ftc on L such that iQh,{L) > —euJx- Now we 
define a new metric h on L: 

h = £2/12 + (1 - e2)he 
for some £2^1 and e ^ c • £2 . By construction, we have 

(11) iOh-hAL + 7r*{A)) = e2ieh,iL) + (1 - e2)«e,,,(L) + 7r*(ie,,^(A)) 

> -e27r*(a;T) + (c-e2-e)tJx+7r*(ie/i^(A)) = (c-e2-e)a;x+7r*(i6/i^(A)-e27r*a;T)- 
Since i0;i^(j4) is fixed, we can let 62 small enough with respect to the smallest 
strictly positive eigenvalues of Set ojr — tujx + tt*{ojt) for t > 0. Since 

the semipositive (1, l)-form contains s strictly positive directions, by the 

same argument as in Proposition 12.61 we know that the pair 

satisfies the condition ^ in Lemma 12.51 for p = r — s + 1 when t is small enough. 
Using Lemma [2.51 we obtain that 

m{X,Kx®L®A®I{h ■ Ha)) =0 for g > n - s + 1. 

Since £2 ^ 1, we have I{h ■ Ha) — Ox- □ 

We can now prove the main theorem in this section: 

2.8. Theorem. Let X be a compact Kdhler manifold of dimension n. Suppose 
that there exists a fihration tt : X — >■ T onto a torus of dimension r. Let L be a line 
bundle on X that is nef and ■n-big. If nd(L) > n — r + 1, then we have 

H'^{X,Kx(E>L) = yq>r. 

2.9. Remark. By the same argument as in Proposition 12.61 we can easily prove 
that if nd(L) = n — r, then 

H'i{X,Kx®L)=Q \fq>r. 
Proof of Theorem \2.8l Since nd(i) > n — r + 1, Lemma 12.41 implies that 

(12) J 7r,(ci(i)"-''^+i) Aw^-i > 

for any Kahler class ujt- Using the assumption that T is a torus, we can represent 
the cohomology class 7r*(ci(L)"~''+^) by a constant (1, l)-form X]i=i Kdzi Adzi on 
T. Since (jl2[) is valid for any Kahler class ujt, an elementary computation shows 
that Ai > for any i. Thus 7r*(ci(L)"~''^'^) is a semipositive (non trivial) class in 
Fi'i(T)n7?2(T,Q). Using |Caol21 Prop. 2.2], we get a smooth fibration ip : T ^ S 
where S is an abelian variety of dimension s, and 

^*(ci(-ifx)""''+') = A^*A 

for some A > and a very ample divisor A on S. 
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For every p G {0, . . . , s — 1 } let S'p be a complete intersection of p general divisors 
in the linear system |^|, and set Xp := (ip o Tr)^^{Sp) and Tp :— ip^^(Sp). Then we 
get a tower of fibrations 

Xp y Tp y Sp 

and Xp is smooth by Bertini's theorem. Moreover, we have also the equality 

(7ruj,(ci(ir-'-+i) = A.(v.iT,rA|s^. 

Note that (ip\Tp)* A\sp is semiample of numerical dimension dim5p, so we have 

(13) Hi{Xp,Kx^(E)iL(E)Tr*ip*A)\x^) = V g > dimT - dimS* + 1. 
by Lemma [^T71 Using and the exact sequence 

O^Kx^(E) L\x^ -y Kx^ ®{L® t:*^*A)\x^ Kx^+, ® ^ 0, 

an easy induction shows that 

(14) H'^-(^'-^\Xs-i,Kx,_,®L\x^_,)^m{X,Kx'S)L) \/q>r. 
Applying Proposition 12.61 to Xg-i and the line bundle L\x^_i, we get 

H'i{Xs-uKx^_,(^L\x^_,)=0 V(7>dimT,_i. 
Since dimTs-i = r — (s — 1) we conclude by p4)) . □ 

Proof of Provosition \2. 1\ If nd(— -fCx) > n — r + 1, by taking L = —Kx in Theorem 
12. 8[ we obtain H^{X,Ox) — 0. The pull-back of a non-zero holomorphic r-form 
from T gives an contradiction. □ 



3. POSITIVITY OF DIRECT IMAGE SHEAVES 



In this section we will prove that, under the conditions of Theorem 11.31 the 
direct image sheaves 7r*(a;^~'") are numerically flat vector bundles for m ^ 0. If 
the torus T is projective this can be done by proving that 7r*(a;®~'") is nef and 
numerically trivial on a general complete intersection curve. If T is non-algebraic 
such a curve does not exist, so we have to refine the construction. In Subsection l3.AI 
we introduce the tools necessary to deal with the non-algebraic case. Subsection 
13. Bl contains the core of our proof, the direct image argument. 



3. A. Semistable filtration on compact Kaiiler manifold. Let us recall the 
following terminology: 

3.1. Definition. |HL97[ Defn. 1.5.1] Let {X,ujx) be a compact Kdhler manifold, 
and let Q be a reflexive sheaf that is semistable with respect to lox- A Jordan-Holder 
filtration is a filtration 

o = gocgic...cgi = g 

such that the graded pieces ^i/^/i-i are stable for all i G {1, . . . ,1}. 
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Every semistable sheaf admits a Jordan-Holder fihration |HL971 Prop. 1.5. 2]. 
Moreover given a torsion-free E with Harder-Narasimhan fihration 

^ So C £i d . . . a £m ^ E 

we can use the Jordan-Holder filtration of every graded piece £j/£j-i to obtain a 
refined filtration 

(15) = J-o C J-i C -Fa C . . . C J-fc = 

such that the graded pieces J-ijJ-i-i are stable for alH G {1, . . . , fc}. We call 
the stable filtration of E with respect to lo. 

3.2. Lemma. Let (X,ujx) be a compact Kdhler manifold of dimension n, and let 
TT : X Y be a smooth fibration onto a curve Y . Let E be a nef vector bundle on 
X. Suppose that 

Cl{E) ■TT*UJY 

for some constant M and ljy a Kdhler form on Y . Let be the stable filtration 
(|15p of E with respect to 'k*u)y + ^^x for some < e <C 1. Then 

ci(J'i) = ai ■ tt*{ujy) 

for some fli > 0. 

Proof. If E is stable the statement is obvious, so suppose that k > 2. For y G Y 
an arbitrary point, we denote by Xy the fibre over y. Since ci{E) ~ X ■ 7r*(wy), 
we have ci{E\x ) — 0. Then E\x is numerically flat, and by the proof of jDPS94[ 
Thm 1.18], for any reflexive subsheaf T C E, we have 

ciiT\xjA{iox\xX'^ <0. 

Therefore we get 

(16) ci(J") A7r*(tjy) Aw^"2 < yj^cE. 

Arguing as (Caol3[ Lemma 1.1], we see that 
(17) 

sup{ci(J') A 7r*(wy) A (wx)""^ | J" C £; and ci{T) A 7r*(wy) A (w^)""^ < 0} < 0. 
We claim that 

(18) ci(J"i) A 7r*(wy) A and ci{Ti) A (w^)""^ > 0. 
To prove the claim, we first notice that the nefness of E implies that 

(19) Ci(J"i) A (7r*cjy + ecjx)""^ > 0. 
The base Y being a curve we have 

{Tr*ujY + eojx)"-^ = e"-'7r*(cjy) A {loxT^^ + e"-i(wx)""'. 

Note also that ci{J-) A (wx)"^^ is uniformly bounded from above for any J' C E, 
cf. |Kob87| Lemma 7.16]. Then (HH) implies that 

ci(J"i) A 7r*(wy) A {uJxT^^ >~e-M 

for a constant M independent of e. Since e is sufficiently small, the uniform estimate 
(fTT]) and HH) and imply that 

Ci(J"i) A7r*(a;y) Aa;;^"^ 0. 

Using p9p we deduce that ci(J'i) A (wx)""^ > 0. This proves the claim. 
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Combining ^TE\i with the assumption that ci{E) — M ■ tt*u!y, we get 
CiiE/J'i) ATr*{uY) Alo'x'^ = 0. 
Combining this with the fact that ci{E/J-i) is nef and LUy — 0, we obtain 

(20) ciiE/Ti) = b-7:*{iOY) 

for some 6 > by Hodge index theorem (cf. Remark I A . 2 1 of Appendix IXj) . Thus we 
have ci(J-'i) = ai ■ tt*{ujy) for some ai G Q and (IT51) implies that oi > 0. □ 

We come to the main result of this subsection: 

3.3. Proposition. In the situation of Lemma \S.2\ the reflexive sheaves J-i are 
subbundles of E, in particular they and the graded pieces TijTi-x are locally free. 
Moreover each of the graded pieces TijJ-i-^x is projectively flat, and there exist a 
smooth metric hi on TijTi^x, such that 

for some constant Oi > 0. 

Proof. Step 1. Proof of the first statement. We first prove the statement for i = \. 
By |DPS941 Lemma 1.20] it is sufiicient to prove that the induced morphism 

det Ti^ f\ E 

is injective as a morphism of vector bundles. Note now that the set Z d X where 
J"! C is not a subbundle has codimension at least two: it is contained in the 
union of the loci where the torsion-free sheaves J-t+i/J-k are not locally free. In 
particular Z does not contain any fibre Xy := Tr^^{y) with y ^ Y. Thus for every 
y the restricted morphism 

(21) {detT,)\x,^{/\ E)x, 

is not zero. Yet by Lemma [3.21 the line bundle (det J^i)|x„ is numerically trivial 
and the vector bundle (A"^"^"^^ ^)xy is numerically fiat. Thus the inclusion (PT|) is 
injective as a morphism of vector bundles. Then J^i is a subbundle of E |DPS941 
Prop. 1.16]. 

Now E/Ti is a nef vector bundle on X. Moreover, Lemma 13.21 implies that 
ci{E/J^i) = M' ■ 7r*(a;y) for some constant M'. Then we can argue by induction 
on E/J-i, and the first statement is proved. 

Step 2. The graded pieces are projectively flat. Applying Lemma 13.21 to E/J-i, 
we obtain that c\{Til J-i-\) = Oi ■ 7r*(a;y) for some constant a^, in particular 
c\{Fi/Ti-i) — 0. Since TijTi^x is (7r*u;y + ea;x)-stable, to prove that Fi/Fi-i is 
projectively fiat, by |Kob87[ Thm.4.7] it is sufficient to prove that 

C2(J-./J-.-i) ■ {ti*loy + euxT-^ = 0. 

Since ci{J-i / Fi-i) is a pull-back from the curve Y for every i G {1, . . . , fc} it is easy 
to see that 

k 

C2(£^) =5I^2(^^/.F,_l). 

i=l 
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Since we have C2(J'i/J'i-i)-(7r*tjy+etJx)""^ > for every i e {1, . . . , fc} by jKob87[ 
Thm.4.7], we are left to show that C2{E) ■ {t:*ujy + e^x)""^ = 0. Yet E is nef with 
ci(E)'^ = 0, so this follows immediately from the Chern class inequalities for nef 
vector bundles [DPS94t Cor.2.6]. □ 

3.B. Positivity of 7r*(a;®~"'). Let X be a normal compact Kahler space with at 
most terminal Gorenstein singularities, and let tt : X — > T be a fibration such that 
—Kx is TT-nef and 7r-big, that is —Kx is nef on every fibre and big on the general 
fibre. In this case the relative base-point free theorem holds |Anc871 Thm.3.3], i.e. 
for every m 3> the natural map 

TT TT* [UJx ) i^x 

is surjective. Thus is 7r-globally generated and induces a bimeromorphic 

morphism 

(22) fj,: X ^ X' 

onto a normal compact Kahler space X' . Standard arguments from the MMP show 
that the bimeromorphic map fi is crepant, that is Kx' is Cartier and we have 

Kxc^^i*Kx'. 

In particular X' has at most canonical Gorenstein singularities. The fibration tt 
factors through the morphism fx, so we obtain a fibration 

(23) tt' : X' -> T 

such that —Kx' is 7r'-aniple. Therefore we call /i: X — > X' the relative anticanon- 
ical model of X and tt' : X' ^ T the relative anticanonical fibration. 

We start with an elementary computation; 

3.4. Lemma. Let V he a nef vector bundle over a smooth curve C, and let A C V 
be an ample subbundle. Let Z C f{y) he a subvariety such that Z <f_ YiyjA). Then 
we have 

Z.Op(^.)(l)'i""^>0. 

Proof. Let /: P(V^) — s> C and g: P(A) — > C be the canonical projections, and let 
/i: X — > V{V) be the blow-up along the subvariety flV/A). The restriction of /i 
to any /-fibre f~^{c) is the blow-up of a projective space P(Vc) along the linear 
subspace P{Vc/Ac), so we see that we have a fibration h: X ^ Y'{A) which makes 
X into a projective bundle over P(A). 

P(A) 




C 

Since Z (/_ P(F/A), the strict transform Z' is well-defined and we have 
Op(y)(l)'™^ ■ Z = /.*Op(v)(l)'™^ ■ Z'. 
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We claim that 

(24) fi*Op^v)il)-h*Op^A){l) + E, 

where E is the /Lt-exceptional divisor. Indeed we can write 

(1) ~ ah*Or^A) (1) + bE + cF, 

where is a / o /i-fibre and a,b,c E Q. By restricting to F one easily sees that we 
have a = 1,6= 1. Note now (for example by looking at the relative Euler sequence) 
that we have iV]p(y/^)/p(y) ~ f*A* (g) C'p(y/^)(1). Since the exceptional divisor E is 
the projectivisation of ^]p(y/^)/p(v) deduce that 

-E\e ^ C'p(/*A(»Op(v./^)(-l))(l) - {h*Or(A){'^))\E + ^i\*EOp(v/A){-'^)- 

Since /i*C'p(y)(-l)|E ~ ^J■\*E^p{v/A)i-'^)\E we obtain c = 0. 

In order to simplify the notation, set £,v ■— M*C'p(y)(l) and '■— h*Op(^A)i^)- 
By ([Ml) we have 

^dimZ . ^, ^ ^dimZ-l .^^.Z'+ ^dimZ-l . ^ . Z' . 

Since E does not contain Z' , the two terms on the right hand side are non- negative. 
If ™ ■ E- Z' > we are obviously finished, so suppose that this is not the case. 
Let e be the dimension of h{E n Z'). Since Op(^)(l) is ample and £_v is /i-ample, 
we have 

/•dim Z—e — l /-e t-i 't-' ^ n 
kv ■ l^A ■ E ■ Z > [). 

Thus 

/ := min{i £ N | ^dimZ-j-i . . . ^' > q}. 
is an integer. An easy induction now shows that 

□ 

3.5. Lemma. Let X be a compact Kdhler manifold of dimension n such that —Kx 
is nef. Let n : X ^ T be the Albanese fibration, and suppose that ~Kx is "K-big. 
Let t:' : X' T be the relative anticanonical fibration. 

Then vr' is fiat and E„i :— (7r')H.(ci;^r'") is locally free for m £ N. 

Proof. The variety X' has at most canonical singularities, so it is Cohen-Macaulay. 
The base T being smooth it is sufficient to prove that tt' is equidimensional |Har77[ 
III,Ex.l0.9]. Set r := dimT. By Proposition O we know that 

If F' C X' is an irreducible component of a Tr'-fibre, we have {—Kx'\f')'^™^ 7^ 
since —Kx'\f' is ample. By the preceding equation we see that dimi^' < n ~ r. 

Since X' has at most canonical singularities, the relative Kawamata-Viehweg 
theorem applies and shows that i?-' (7r'),(a;®r™) = for all j > 0. The fibration tt' 
being flat, the statement follows. □ 

3.6. Lemma. In the situation of Lemma \3.5l the vector bundle Em is nef for 
m > 1. 
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3.7. Remark. If the fibration is smooth and the torus T is abehan, the nefness is 
proved in |DPS941 Lemma 3.21]. Since T is an arbitrary torus and tt is -a priori- 
not necessarily smooth, we use |DP041 Thm. 0.5] and the standard regularization 
method (cf. |Deml21 Ch.l3], |Dem921 Sect. 3]) to overcome these difhculties. 

Proof of Lemma \3.(A We first notice that —Kx = IJ'*{~Kx') by construction. 
Therefore Em = 7r*(a;®~"]0. We first fix a Stein cover U — {Ui} on T as con- 
structed in [Demi 21 13. B] Q such that Ui are simply connected balls of radius 26 
fixed. Let (s Ui" (s Ui be the bahs constructed in |Deml2[ 13. B] such that 
they are the balls of radius S, |<5, 26 respectively and {J7j} also covers T. Let 
0j be a smooth partition function with support in U" as constructed in |Deml2[ 
Lemma 13.11]. Let (pk ■ T ^ T he a, 2'^-degree isogeny of the torus T, and set 
Xk -.— Tx^^^ X. Let L — — (m + 1)Kx^^/t and set Em,k '■= Tr*{Kxk + L). We have 
the commutative diagram 




U, 



Note that the cover lA — {?7i}, and the partition functions 9i are independent of k. 
We first prove that there exists a smooth metric h on Op(£;^ k)i^)^ such that 

iQh{Or(E^^ ,){l)) > -C-TrUoJT) 

for a constant C independent of k Q. 

We fix a Kahler metric lux^ on. Xk- Since L is nef and Tr-big, |DP04I Thm. 0.5] 
implies the existence of a singular metric h-^^, on L such that 

for a constant Ci independent of fc, but e/j > is dependent of k. Since L is nef, 
for any e > 0, there exists a metric h^^ such that 

iQh.iL) > -euJXk- 

By combining these two metrics, we can easily construct a new metric /le^ on L, 
such thaiQ 

(25) ze^^jL) >efcc^x. -2-Cir(c^T) and I{h,,) = Oxk 

for some Ck > 0. Since I{hg^. ) = and Ui are simply connected Stein varieties, we 
can suppose that L-^-bounded (with respect to h^^) elements in H^{TT^^{Ui), Kx^ + 
L) generate E^^^k over Ui. 

Let {eij}j be an orthonormal base of H'^ {7r~^ (Ui), Kx^ + L) with respect 
to /le^, i.e., J:^-i(^if.^{(ii,j ,ei.j')h J. = Then e ^ ^ induce an element Cij S 



^We keep the notations in |Deml2l 13. B], which can also be found in [Dem92l Sect. 3] 
^ All the constants C, Ci, ■ ■ ■ ,Ci below are independent of k. 
'^We just need to take h^^. = hD^ ■ h\ for some small enough, and e ^ r/. ■ 
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H"{tti ^{Ui), 0p(B„ fc)(l))- We now define a smooth metric hi on 0p{E„^ over 
^I'm by 

II ||2 _ II ' ll/iQ 

EI|e..llL' 

j 

where ho is a fixed metric on 0p(^E„^)i^)- Thanks to the construction, hi is smooth 
and iQhii0r(Er„ k)i^)) '^^ semi-positive on T:^^{Ui). 

We claim that 

(26) — < ^ — ^— < C2 for z G (c/f n [/;;), 

for some C2 > independent of z, fc, i, i'. The proof is almost the same as in 
|Deml21 Lemma 13.10], except that we use the metric • ujXk + t^*^t in stead of 
ojx in the estimate. We postpone the proof of the claim ([25)1 in Lemma 13.81 and 
first finish the proof of Lemma [ 



We now define a global metric h on C'p(£;^)(l) by 

12 - II - 11^ . T - - ^here {e[) 



/i - II • ll/io^ ' ' ' wiicic yui) — „ 2 ■ 



A: 

Note that 



by construction. Combining this with p6p and applying the Legendre identity in 
the proof of jDeml2| Lemma 13.110, we obtain that 

*e^(Op(£,„ ,_)(l)) > -C-ttUujt) 

for a constant C independent of k. 

By [DPS941 Prop. 1.8], the metric h on Cp(£;^ induce a smooth metric hk 
on C'p(£;^)(l) such that 

iQh,{OpiE„^)il))>-^u:T. 
The lemma is proved by letting k ^ +00. □ 



We now prove the claim ([26| in Lemma 13.61 which is in some sense a relative 
gluing estimate. 

3.8. Lemma. In the situation of the proof of Lemma \3.b\ we have 

(27) — < < C2 for z e 7rri(C//' n C//,'). 

E lle.'jllt(^) 



^Although in the proof of IDeml2l Lemma 13.11], 9'^ is supposed to be constant on U^, the 
uniformly strictly positive of the lower boundedness of 9'^ on U[ is sufficient for the proof. 
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Proof. Recall that <s Ui" <e Ui are the balls of radius (5, |(5, 2d respectively as 
constructed in |Denil21 13. B]. Let z be a fixed point in 'k^^{UI' D U"). Since e^j is 
a section of a line bundle, we have 

^IKjWhoiz) = sup W^ajCijllliz). 

Therefore, there exists a G H'~' {n^^ (Ui) , Kx^ + L) such that 

(28) / ||e.||L=l and ||e.||^„(z) - ^ H^^^'lll 

where £ H°{T:i^{Ui),0r(^Em k)W) is induced by e^. Our goal is to construct 
an element in H^{Tf^^{Ui'), Kx^. + L) with controlled norm and equals to on 

Let 6* be a cut-off function with support in the ball of radius | centered at tti (z) 
(thus is supported in Ui OUii), and equal to 1 on the ball of radius | centered at 
7ri(z). By construction, {Tr*{9) • e^) is supported in Tr^^iUi H Ui'), thus it is well 
defined on 7f~^{Ui'). Therefore we can solve the 9-equation for d{7r*{9) ■ e^) on 
Tf~^{Ui') with respect to the metric 

(29) ^Xk,<ik = <^k ■ i^Xk + ^*^T 

by choosing a good metric on L. Before giving the good metric on L, we first give 
some estimates. 

Since is defined on T, we have 
for some constant C4 independent oi k,ek 0. Therefore we have 

(30) / P(r(0).e,)||t..x,. = / ll^(^*(^)-e.)||L,..,., 

<C^4/ l|e.||L=C4, 

where the first equality comes from the fact that (tt* {6) -e^) is supported in Tr~^ {Ui n 
{/,/). By (US]) and (IMl), we have 

(31) tOh,^ (L) > ek^x, - 2 • Cir (wt) > ojx„c, - (2 • Ci + l)r (c^t). 

We now define a metric h^^ = ■ e-(»+i)s*(in on L over 
7f~^(CA')) where ipi'it) is a uniformly bounded function on Ui' satisfying 

dd^ip^-it) > (2Ci + 1)u}t- 

Then (pij) implies that 

i&h^^ {L) > wxfc.e, on n-\Ui'). 

By solving the 9-equation for d{7f* {9) -Ci) with respect to (/le^ , wxfc.et) on Tf^^{Ui'), 
we can find a gi' £ L'^{tt^^ {Ui'), Kx^ + L) such that 

(32) dg,, ^d{n*{d)e,) 

depends on 5. But by construction, the radius 5 is independent of k. 

15 



and 

(33) / <C, [ \\din*i9)-e,)\\l < C,, 

where the second inequality comes from (1501) and the fact that 

d{^*{0) ■ei){z) = for 2 e n-\B^{7:i{z))), 

where i?|(7ri(z)) is the ball of radius | centered at ni{z). By (15^ . we obtain a 
holomorphic section 

By the definition of the metric h^^ and = on 7f^^(7ri(z)). Therefore 

Ci' = Ci on TT^^ (tti (z)). Moreover, (pS)) and p3l) imply that 

/ II^HIL = / irW-e.-5.'llL <C 

for a constant C independent of k. By the extremal property of Bergman kernel, 
(|27l) is proved. □ 



3.9. Lemma. In the situation of Lemma \3.5\. the vector bundle Em is numerically 
flat. 



Proof. By Lemma [3?6l it is sufficient to prove that ci{Ejn) = 0. Arguing by con- 
tradiction we suppose that ci{E,n) ^ 0. Then [Caol2[ Prop. 2. 2] implies that there 
exists a smooth fibration tti : T — > 5 onto an abelian variety 5 of dimension s such 
that 

ci (£;,„) = c • Trlci{A) 
for some very ample line bundle A and c > 0. 

Let 5*1 be a complete intersection of s — 1 hypersurfaces defined by s — 1 general 
elements in H'^{S,A). We have thus a morphism 



where Xi := n^^n^^ (Si) and Ti :— 7rj^^(S'i) are smooth by Bertini's theorem. 
For simplicity of notation we set E!^ :— E„i\ti- Then E'^^ is nef and ci(£'^) = 
c- (7ri|Ti)*ci(A). Applying Proposition l3.3[ we obtain a semipositive projective flat 
vector bundle C Fi C E'^ on Ti such that and ci{Fi) = ttI{lus\) for some Kahler 
form ujSi on 5*1. 

Our goal is to show that 

iOriE^^il)r-^'+' ■ > 0. 

Since Op(_e;^)(1)|xi = {—m-Kx)\xi this gives a contradiction to Proposition 12.11 
Note first that Xi is not contained in any projective subbundle of P(i?^) since 
the general 7r-fibre F is embedded by the complete linear system | — mKp | , so it 
is linearly non-degenerate. Thus if tti is an isomorphism (which is equivalent to 
det Em being ample) the statement follows from Lemma 13.41 In the general case 
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we follow a similar construction: let jj, : Y ^ P(_E,^J be the blow-up along the 
subvariety P{E'„J Fi). Since Xi is not contained in P(£'^/Fi), we have a diagram 

X[ — ^ Y V{Fi) 




TTl 

Si 

where X[ is the strict transformation of Xi and /, g and h are the natural maps 
as in the proof of Lemma 13.41 By the same argument as in ([M)) of Lemma 13.41 we 
have 

where E is the /i-exceptional divisor. Since Op(^E' )(1) is nef, we have 
(34) ifi*OriE'^){l)r-^+'-X[ > (M*Op(^;^)(l))"-'^ • h*Or(^p,){l)-X[. 
By Proposition 13. 3[ there is a smooth metric ho on Fi such that 

i9/io(Fi) = TT^wsi ■ Id_Fi ■ 

On ¥{Fi) we have 

The metric ho induces a natural metric h^ on C'p(^j^)(l), and by [DPS941 Prop. 
1.11], we obtain 

ze,,(Op(;^,)(i))><?X^s,. 

Since /lo g = /io/, we get /i*i8^' (Op(f-j)(l)) > ^i* f*u]Si- Combining this with the 
fact that f o i_i o i{X[) = Ti by construction, we obtain 

h*OriF,){l)-X[>C-Xl^, 

where X[ ^ is the general fiber of i o yit o / o tti , and C > 0. Combining this with the 
fact that C'p(^/^)(1) is /-ample, we get 

We conclude by □ 

3.C. The projective case. In Section [5] we will need the following versions of 
Lemma 13.61 and Lemma 13.91 

3.10. Lemma. Let X be a normal projective variety and A a boundary divisor on 
X such that the pair {X, A) is kit. Let ip: X ^ T be a flat fibration onto an abelian 
variety. Let L be a Cartier divisor on X such that L — {Kx + A) is nef and tp-big. 
Then the following holds: 

(i) Let H be an ample line bundle on T , then ip^,{OxiL)) ® H is ample, 
(a) The direct image sheaf ip^ (Ox (L)) is nef. 
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Proof. Note first that since L — [Kx + A) is relatively nef and big, the higher 
direct images W (p^.{Ox{L)) vanish for all j > by the relative Kawamata-Viehweg 
theorem. By cohomology and base change the sheaf (p^,{Ox{L)) is locally free. 

Proof of (i). Since H is ample and L — {Kx + A) is nef and V'-big, the divisor 
L + ip*H — {Kx + A) is nef and big. So if P G Pic°(T) is a numerically trivial line 
bundle, then by Kawamata-Viehweg vanishing one has 

W{T,ip,{Ox{L))(g)H(g)P) = W{X,L(g>ip*{H(g)P))=0 V j > 0. 

Thus ip:t{Ox{L)) (g) H satisfies Mukai's property ITq |Muk81| . In particular it is 
ample by |Deb06[ Cor.3.2]. 

Proof of (ii). Let /x: T — >■ T be the multiplication map x 2x. Let H he a, 
symmetric ample divisor, then by the theorem of the square |BL041 Cor. 2. 3. 6] we 
have IX* H H'^'^. It is sufficient to show that for d G N arbitrary, the Q- twisted 
|Laz04bl Sect. 6. 2] vector bundle Lp^{Ox{L))<jaH> is nef. Denote by /i^ the d-th 
iteration of /x and consider the base change diagram 




where := X T. By flat base change |Har771 Prop. 9. 3] we have 
li:{MOx{L))<^H>) ^40xAr^dL))<^l^*dH> 

Since 37 ~q H, we see that fi*i{ipAOx{L))<^H>) -q ^..{OxAi^lL)) ® H 
which by the first statement is ample. □ 

3.11. Proposition. Let X be a normal projective variety and A a boundary divisor 
on X such that the pair {X, A) is kit. Let ip: X ^ T be a flat fibration onto a smooth 
curve or an abelian variety. Suppose that -~{Kx/t + A) is nef and ip-ample. Then 

E„, ipAOx{-m{Kx/T + A))) 
is a numerically flat vector bundle for all sufficiently large and divisible to ;3> 0. 



Proof. For sufficiently divisible to £ N the Q-divisor m{Kx/T + A) is integral and 
Cartier. 

1st case. T is a curve. Then Ey^ is nef |Kol86) , and for m ^ we have 
an inclusion X ^ f{Ejn). We can now argue as in Lemma 13.91 if E^ is not 
numerically flat, there exists an ample subbundle A C E„i. By Lemma 12.31 we have 
{Kx/T + A)'^'™^ = 0, so Lemma [SH implies that X C f{E„JA). However this 
is not possible since the embedding of the general fibre Xt in P((_E,„)f) is linearly 
nondegenerate. 

2nd case. T is an abelian variety. By Lemma 13.101 the sheaf Em is a nef vector 
bundle. If C is a general complete intersection curve in T, denote by Xc '■— (p^^{C) 
its preimage. Then the pair {Xc, Ac := A D Xc) is kit and the relative canonical 
divisor —{Kxc/c + ^c) is nef and relatively ample. By the first case ip^,{Ejn'SiOc) 
is numerically flat, so det_E,„ is numerically trivial [DebOll 3.8]. □ 
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4. Proof of Theorem 11.31 



Let X' be a normal compact Kahler space that admits a flat fibration n' : X' ^ T 
onto a compact Kahler manifold T. Let Lhc & line bundle on X that is 7r'-ample, 
for all m e N we set Em := {'k')^:{0 x' {mL)) . We fix a to ^ such that we have 
an embedding X' ^ P(£'m), for simplicity's sake we denote by tt' : V{Em) T the 
natural map. Let Ix' C Op(£;„) be the ideal sheaf of X' . Then we define for every 

den 

Sm,d iTr')*{Tx' ® C'p(B„)(rf)). 

4.1. Proposition, /n the situation above suppose that E jji and SfYi.d are nuvfievi- 
cally flat vector bundles for all m ^ 1 and d ^ 1. Then the fibration tt' is locally 
trivial. 

Proof. We have a natural inclusion i : Sm,d ^ S'^Em- Since numerically flat vector 
bundles are local systems (cf. |Sim921 Sect. 3] for general case or [Ver041 Lemma 
6.5] for numerically flat vector bundles), Sm,d and S'^E^ are local systems on T. 
Let U be any small Stein open set in T, and let ei, • • • ,ek be a local constant 
coordinates of S„i^d over U. Note that Hom(5m,d, S'^'Em) is also a local system on 
T, and i € H°{T,}iom{S,n,d, S'^Em))- By |Caoi2| Lemma 4.1], i is parallel with 
respect to the local system lloin{Sm,d, S'^Em)- Therefore the images of ei, • • • , Cfe 
in S'^Em are also locally constant, i.e. the polynomials defining the fibers X[ for 
t G U are locally constant. In particular the fibration tt' is locally trivial. □ 

Proof of Theorem ll.Sl Step 1. The relative anticanonical fibration is locally trivial. 
We follow the argument of pPS94l Thm.3.20]. Denote by X' the relative anti- 
canonical model of X (cf. Section fS.Bp . Fix to ^ such that we have an inclusion 
X' ^ ¥{Em) where Em is defined as in Lemma [3.51 and denote by tt' both the 
anticanonical fibration X' ^ T and P{Em) — > T. For every d G N we have an exact 
sequence 

O^Ix'(E> Op(B„)(d) ^ Op(£,„)(d) ^x"""" ^ 0. 
Since Op(£;^)(l) is 7r'-ample we get for d 3> an exact sequence 

^ iTT')4lx' ^ Op(B„)(d)) ^ S^'Em ^ Emd ^ 0. 

The vector bundles S'^Em and E^d are numerically flat, so {tt')^,{Ix' Or{E,„){d)) 
is numerically flat. Now apply Proposition 14. II 

Step 2. The Albanese map tt is locally trivial. Let F' be the general flbre of 
the relative anticanonical fibration, and let Ft be any smooth 7r-fibre. Then Ft is a 
weak Fano manifold, and /^Jf^ : i^t i^' is a crepant birational morphism, so Ft is 
a terminal model of the Fano variety F' . By [BCHMlOl Cor. 1.1. 5] there are only 
finitely many terminal models of F' . Thus there are only finitely many possible 
isomorphism classes for Ft, hence there exists a non-empty Zariski open subset 
Tq C T such that tt^^{To) Tq is locally trivial with fibre F. Fix now an ideal 
sheaf I on F' such that F is isomorphic to the blow-up of F' along I. 

Let t S r be an arbitrary point, and let t e U C T be an analytic neighbourhood 
such that X[j := {Tr')-\U) o^U x F'. Let fi: Xu X[j he the blow-up of X^j 



It is not true that for any local system, the global sections are parallel. However, it is true 
for numerically fiat bundles. 

19 



along the ideal sheaf I® Cj/, then Xjj U x F. In particular Xu is smooth and 
the birational morphism fl is crepant. Set Xu :— 7r^^{U), then Xjj is also smooth 
and fJ.\xu ■ Xu — > X^ is crepant. Thus Xjj and and Xu are both minimal models 
over the base X^ (cf. |KM98[ Defn.3.48]), hence the induced birational morphism 
r : Xjj ---> X[j is an isomorphism in codimension one |KM98| Thm.3.52]. Moreover 
by the universal property of the blow-up the restriction of t to 

{Xu n 7r-\To)) {X'u n (tt' o iir\To)) 

is an isomorphism. Let H be an effective tt- ample divisor on Xu , and let H' :— t^H 
be its strict transform. Then H' is tt' o /i-nef: indeed if C is any (compact) curve in 
Xu ^ UxF, it deforms to a curve C that is contained in e x F with e £ (C/ flTo) . Yet 
the restriction of H' to ex F is ample, since r is an isomorphism in a neighbourhood 
of e X F. Thus we see that H' ■ C = H' ■ C > 0. Since Xu is smooth we satisfy 
the conditions of jKM98| Lemma 6.39], so r is an isomorphism. This shows that 
Xu —^Uis locally trivial with fibre F, since t € T is arbitrary this concludes the 
proof. □ 

Proof of Corollary \1.4\ Suppose first that q{X) = dimX — 1. If —Kx is 7r-big we 
see by Theorem 11.3 1 that the Albanese map is a P^-bundle. If —Kx is not 7r-big, the 
general fibre is an elliptic curve. Note that the C„_„_i-conjecture is also known in 
the Kahler case [Uen87| Thm.2.2], so we see that k{X) > 0. Yet —Kx is ncf, so we 
see that —Kx = 0. We conclude by the Beauville-Bogomolov decomposition. □ 

The proof of Theorem 11.31 works also in the following relative situation which we 
will use in Section [5j 

4.2. Corollary. Let X be a normal Q-factorial projective variety with at most 
terminal singularities, and let ip: X ^ C be a fibration onto a smooth curve such 
that —Kx/c is nef and if -big. If the general fibre is smooth, then if is locally trivial 
in the analytic topology. 



5. Two-dimensional fibres 

In this section we will prove Theorem 11.61 While the positivity of direct image 
sheaves will still play an important role, we need some additional geometric infor- 
mation to deduce the smoothness of the Albanese map. This information will be 
obtained by describing very precisely the MMP. 

5. A. Reduction to the curve case. The following lemma shows that the nefness 
condition imposes strong restrictions on the singularities of a fibre space. 

5.1. Lemma. Let M be a normal projective variety, and let ip: M ^ C be a 
fibration onto a curve such that — i^M/C *'S Q-Cartier and nef. Let A be a boundary 
divisor on M such that A = —aKn^/Q for some a £ [0, 1]. 

If the pair (A/, A) is Ic (resp. kit) over the generic point of C , the pair (M, A) 
is Ic (resp. kit). If the pair [M, A) is Ic, every Ic center of {M, A) surjects onto C . 
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Proof. Let ^: M' ^ M be a dlt blow-up |Fujll[ Thm.10.4], i.e. /i is birational 
morphism from M' a normal Q-factorial variety such that if we set 

then (M', A') is dlt. Moreover one has 

Ei /^-cxc. 

and ai < —1 for all i. Let A' = A'^^^ + A^g^^ be the decomposition in the hori- 
zontal and vertical part. Since M' is Q-factorial, the pair (Af, A'^^^^) is dlt |KM98[ 
Cor.2.39] and 

Ei,ai<-1 

Suppose now that (M, A) is Ic over the generic point of C. Then the restriction of 
^-gxc i^i + ^)Ei to a general {ip o /i)-fibre F is empty. Thus the anti-effective 
divisor —E := J2e a <-ii^-i + 1)^* ~ ^'vert is vertical. We claim that E = 0. 
Assuming this for the time being, let us see how to deduce all the statements: since 
J^Ei ai<-ii^i + ^)Ei = we know that (M, A) is Ic. Moreover any Ic centre W 
surjects onto C: otherwise there exists a vertical divisor Ei with discrepancy —1. 
Thus we have A'^^rt 0? a contradiction. 

If {AI, A) is kit over the generic point of C, it is Ic by what precedes. Moreover 
any Ic centre would be contained in a (p-fibre, so it would give a non-zero component 
of A'yerf However we just proved that A'^^^.^ — 0. 

Proof of the claim. Since ~ii*{Km/c'^A.) = {a—l)fi*KM/c is nef, wc know that 
for H an ample Carticr divisor on M' and all S > 0, the divisor —ii*{Km/c+A)+5H 
is ample. Thus there exists an effective Q-divisor B — ^i* {K m / c + A) + 5H such 
that the pair (Af, A',^^^ -I- B) is dlt. Thus we have 

Km'/c + Kor + B^Q tJ.*{KM/c + A)-E~ li*{KM/c + A) + SH ~E + SH. 

Since E does not dominate C, the restriction of K^, jc -f A'^^,, + _B to the general 
(iy9o^)-fibre F is numerically equivalent to SH\p. In particular for m £ N sufficiently 
large and divisible the divisor m{KM' /c + ^/lor + Cartier and the restriction 
to F has global sections. The pair (Af, AJ^^^ -I- B) being Ic we know by [Cam041 
Thm.4.13] that (1^90 ^)»(m(_ft'j\///(7 + A^j^^ + i?)) is a nef vector bundle. The natural 
morphism 

O ^)*(^ O ^i),{m{KM:/C + Kor + B)) ^ m{KM'/C + Kor + B) 

is not zero, so m{KM' /c + ^/tor + B) is pseudoeffective. Thus we see that —E -f 5H 
is pseudoeffective. Taking the limit (5 — > we deduce that the anti-effective divisor 
—E is pseudoeffective. This proves the claim. □ 

Attribution. The proof above is a refinement of the argument in |LTZZ10] . 
Note that our argument can be used to give a simplified proof of jLTZZlOl Thm.] . 

5.2. Corollary. Let X he a projective manifold such that —Kx is nef. Letir: X — ^ 
T be the Albanese map. Fix an arbitrary point t € T and let C C T be a smooth 
curve such that t £ C and for c € C general, the fibre 7r^^(c) is smooth. 
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Then tt ^(C) is a normal variety with at most canonical singularities. 



Proof. By [LTZZlOl Thm.] the fibration tt is flat, so tt~^{C) is Gorenstein and 
has pure dimension dimX — diniT + 1. The general fibre of 7r~^(C) — )• C is 
irreducible, so 7r~^(C) is irreducible. Since all the tt- fibres are reduced [LTZZlOl 
Thm.] we see that 7r~^(C) is smooth in codimension one, hence normal. The 
relative anticanonical divisor —K^-H(^y(^ = —Kx\Tr-i{c) is Cartier and nef. The 
general fibre of n^^{C) — C is smooth, so 71^-^(0) is smooth over the generic point 
of C. Thus the pair (7r~^(C),0) is kit by Lemma [5. II Since tt~^{C) is Gorenstein, 
it has at most canonical singularities. □ 

Corollary 15.21 reduces Conjecture II. II to the following problem: 

5.3. Conjecture. Let M he a normal projective variety with at most canonical 
Gorenstein singularities. Let ip: M ^ C be a fibration onto a smooth curve C such 
that —L'Cm/c is nef. If the general fibre F is smooth, then is smooth. If F is 
smooth and simply connected, then ip is locally trivial in the analytic topology. 

5.B. Running the MMP for fibres of dimension two. In the previous section 
we reduced Conjecture 11.11 to the case of a fibration onto a curve such that the 
total space has canonical singularities. In this section we will make the stronger 
assumption that the total space is Q-factorial with terminal singularities. Moreover 
we will assume at some point the existence of an effective relative anticanonical 
divisor. In Subsection 15 . CI we will see how to verify these additional conditions. 

5.4. Setup. Let Xc be a normal Q-factorial projective variety with at most 
terminal singularities, and let Lp: Xc C be a fibration onto a smooth curve 
C. Suppose that the general 93-fibre is uniruled. By [BCHMIO] we know that X/C 
is birational to a Mori fibre space, and we denote by 

(35) Xc=■.Xo'-^X^^'^\...-'^^X, 

a MMP over C, that is for every i G {0, . . . , fc — 1} the map Hi : Xi X^+i is either 
a divisorial Mori contraction of a i^Xi/c-negative extremal ray in NE(Xi/C) or the 
flip of a small contraction of such an extremal ray. Note that all the varieties Xi are 
normal Q-factorial with at most terminal singularities and endowed with a fibration 
Xi ^ C . Moreover Xk C admits a Mori fibre space structure if) : Xk Y onto 
a normal variety t:Y^C. We know that Y is Q-factorial |Deb01l Prop. 7. 44], 
moreover Y has at most kit singularities |Amb05[ Thm. 0.2]. 

5.5. Remark. If fii is a fiip, denote by the normalisation of its graph and by 
Pi'. Ti ^ Xi and qi : F; — > X^+i the natural maps. By a well-known discrepancy 
computation |Mat02[ Lemma 9-1-3] we have 

(36) Pi{~Kx,/c) = Qii-Kx^+i/c) - 

with Oij > where the sum runs over all the gj-exceptional divisors. 

5.6. Remark. If /ij is a divisorial contraction, let Di C Xi be the exceptional 
divisor. We have 

(37) - Kx^/c = fi*i-Kx,^,/c) - A, A 
with Ai > 0. 
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We explained in the introduction that the nefness of —Kxc/c is usually not 
preserved under the MMP. However we have the following: 

5.7. Lemma. In the situation of Setup \5.4-\ suppose that 

(i) —Kxc/c pseudoeffective. Then —Kxi/c pseudoeffective. 

(ii) —Kxc/c nef in codimension one. Then —Kxi/c nef in codimension one. 
(Hi) —Kxc/c ^c/. If B <Z Xi is a curve such that —Kxi/c ■ B < 0, then B is 

(a .strict transform of)a curve contained in the flipping locus or the image of 
a divisorial contraction. 

5.8. Remark. A Q-Cartier divisor on a surface is nef in codimension one if and 
only if it is nef. Thus the lemma shows that for surfaces the MMP preserves the 
property that —Kx^/c is nef. 

Proof. Our proof follows the arguments in jPS98[ Prop. 2.1, Prop. 2. 2]. Let F be 
the normalisation of the graph of the birational map X Xi, and denote by 
p: r ^ X and q: T ^ Xi the natural maps. By (1551) and ([57)1 we have 

P*{-Kxc/c) = q*{-Kx,/c)-D, 

with D an effective q-exceptional Q-divisor. In particular if _B C X' is a curve that 
is not contained in q{D) and B^ C F its strict transform, then we have 

(38) p*{-Kxa/c) ■ Br < -Kxjc ■ B. 

This proves the statements (i) and (Hi). 

Suppose now that —Kxq/C is nef in codimension one. Let S' C be a prime di- 
visor, and denote by C F its strict transform. Since Xi ---> X does not contract 
a divisor, we see that Sr is not p-exceptional. Hence p*{—Kxc/c)\sv is pseudo- 
effective. Thus we see that q*{~Kxi/c)\sr is pseudoeffective, hence —Kxi/c\s is 
pseudoeffective. □ 

We will now restrict ourselves to the case where AivciXc — dimC = 2. This 
allows to study the positivity of —K, on horizontal curves. 

5.9. Definition. Let M he a projective variety admitting a fihration f : M C 
onto a curve C . A Q-Cartier divisor L on M is nef over C if for any curve B <Z M 
such that L ■ B < 0, the image f{B) is a point. 

5.10. Remark. Note that if dvavXc — dimC = 2, the exceptional locus of a small 
contraction cannot surject onto C, so if fjit is the corresponding step of the MMP, 
the flipping loci are contained in fibres of the maps Xi ^ C and Xi^i — > C . In 
particular if —Kx^/c is nef over C, then —Kx^^^/c is nef over C by ([55)) . The same 
holds if the exceptional divisor Di of a divisorial contraction does not surject onto 
C. 

5.11. Lemma. In the situation of Setup\57^ suppose that divaXc — dimC = 2 
and —Kxi/c ^^f over C. Then —Kxi^i/c '^^Z over C. 

Proof. By what precedes it is sufficient to consider the case where fii: Xi ^ Xi^i 
contracts a divisor Di onto a curve Cq such that Cq ^ C is surjective. 

We will argue by contradiction, so suppose that —Kxi^-^/c ■ Co < 0. Since 
—Kxi/c is nef over C, the restriction of —Kxi/c to Di Co is nef over Cq. Since 
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is a Mori contraction —Kx-/c\Di is /iijoi -ample, so —Kx-/c\d is net. By (|571) 
one has 

-Kxjc = f^*{-Kx,+,/c) - ^iDf 
In particular li B G is any curve that is not contracted by /i^, then 

-A, A: • B = -i^x./c • B + ifx,+i/c • > 0. 

Since —Di is /iijij. -ample, this shows that —Diljj. is positive on all curves. Moreover 
we have 

(-A,A|a)' = i-Kx,/c\D,f + 1{-Kxuc) ■ ii^lKx^/c) • A > 0, 

so by the Nakai-Moishezon criterion the divisor — -Dil^i; is ample. Thus we see 
that —{Kxjc + Di)\D. is ample. Let now v. Di — > Di be the composition of 
normalisation and minimal resolution, then by the adjunction formula |Rei94) 

-Kdjc - -^*{Kx^,c + A) I A + F, 

with F an effective divisor. Since Di Cq is generically a P^-bundle, the divisor 
F does not surject onto Cq. Thus we see that —Kf^^^j is nef over C, moreover it 

is big. Let Di Di be a MMP over C with Di ^ C a Mori fibre space. Then 
—Kjj,^(j is nef and big, a contradiction to Lemma 12.31 □ 



Combining Lemma l5 . 71 and Lemma 15.111 we obtain: 

5.12. Corollary. In the situation of Setup \5.4\ suppose that diniXc — dimC — 2 
and —Kxc/C '■s '^e/ Then for every i G {1, . . . , fc} the divisor ~Kx-/c i^^f 
codimension one and nef over C . 



Our goal will be to prove that —Kxi/c is actually nef, but this needs some 
serious preparation. 

5.13. Lemma. Let S be an integral projective surface admitting a morphism 
f:S^C onto a curve C. Let L be a Q-Cartier divisor on S that is pseudo- 
effective and nef over C . 

Let S' be an integral projective surface admitting a morphism f'.S'-^C onto 
C . Let L' be a nef and f -ample Q-Cartier divisor on S' such that — 0. 

Suppose that there exists a birational morphism fi: S —¥ S' such that f'ofi = f. 
Suppose that we have 

L EE fi*L' - E 

with E an effective Q-Cartier divisor. Then the following holds: 

(i) If L is fi-nef then L is nef and not big. Moreover we have L ■ ii* L' = 0. 
(a) If L is fi-nef and E is f -vertical, then E = 0. 



Recall that if L is a pseudoeffective Q-divisor on a smooth projective surface, we 
can consider its Zariski decomposition L = P -\- N , where P is a nef Q-divisor and 
N an effective Q-divisor such that P ■ N — Q. 
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Proof. The statement being invariant under normalisation we can suppose without 
loss of generality that S and S' are normal. For the same reason we can suppose 
that S is smooth. 

Let L = P+N be the Zariski decomposition oi L, and let N — Nhor+N^ert be the 
decomposition of the effective divisor N in its vertical and horizontal components. 



Since fi*L and P are nef, the left hand side is non-negative. However —{E+N)-ijl*L' 
is non-positive, so we get 



In particular for every irreducible component D C N we have D ■ pi*L' = 0. Since 
L' is /'-ample and Nyg^^t " fJ'*L' — we see that Nyg^^t is //-exceptional. 

The divisor P being nef, we have > and {E + N) ■ P > 0. However by ([551 
one has 

p2 = [//L' -{E + N)]- P = -{E + N)- P, 

so we get P^ = {E + N) ■ P = 0. Yet (E + N) ■ P = and {E + N) ■ n*L' = 
implies that 

(40) {E + Nf = 0. 

Proof of (i). Since Nyert is /i-exceptional, we know that L is nef on every ir- 
reducible component of Nyert- Moreover L is nef over C, so it is nef on every 
irreducible component of Nhor- Thus L is nef on its negative part N, hence = 
and L is nef. In particular we have i'^ = P'^ = 0, so L is not big. 

Proof of (ii). Since E is /-vertical and L' is /'-ample, the equality E ■ ii*L' — 
implies that E is /i-exceptional. Since = we know by (|40p that E"^ — 0. 
However the intersection matrix of an exceptional divisor is negative definite, so we 
have E = Q. □ 

For the next corollary recall that any normal surface is numerically Q-factorial 
|Sak84j ■ so we can define intersection numbers for any Weil divisor. 

5.14. Corollary. Let Y he a normal projective surface admitting a fibration 
t: Y C onto a smooth curve such that the general fibre is . Suppose that 
—Ky/c pseudoeffective and nef over C . Then —Ky/c ^■s '^e/ OLf^d Y ^ C is a 
-bundle. 

Proof. Step 1. Suppose that Y is smooth. We argue by induction on the relative 
Picard number. If p{Y/C) = 1, then —Kyjc is nef and r-ample. Thus y — !■ C is a 
P-'^-bundle. If p(Y/C) > 1 there exists a Mori contraction fi: Y ^ Y' over C and 
by Lemma 15.71 the divisor —Kyi jQ is pseudoeffective and nef over C. By induction 
-Kyi jc is nef and F' — > C is a P^-bundle. We have {-Ky, jcY = and -Kyi jc 
is ample over C . The /(-exceptional divisor E is r-vertical, so — by Lemma 
I5.13i a contradiction. 

Step 2. General case. Let v. Y Y he the minimal resolution, then we have 
Ky — v*Ky — E with E an effective divisor. Thus the relative canonical divisor 
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Since P = ii*L' 



{E -f N) and {L'f = 0, we have 
P- fi*L' = -{E + N) ■ fi*L'. 



(39) 



P • /i*P' = {E + N)- n*L' ^ 0. 



—Kyifj = —v*Ky/c + £■ is pseudoeffective and nef over C . By Step 1 we know 
that y — > C is a P^-bundle. Thus v is an isomorphism. □ 



5.15. Remark. In the situation of Corollarv l5.14l we can write Y ~ P(y) with V a 
rank two vector bundle on C. Since —Ky/c is nef, the vector bundle V is semistable 
|MP97[ Prop. 2. 9]. Moreover the nef cone Nef(y) C N^Y and the pseudoeffective 
cone Pseff(y) C N^Y coincide |Laz04a[ Sect. 1.5. A], they are generated over Z by 
^Ky/c a-iid a fibre F of the ruling Y ^ C . Recall that on any smooth projective 
surface a Cartier divisor L is generically nef with respect to all polarisations if and 
only if it is pseudoeffective. Thus we see that L — y is generically nef with respect 
to all polarisations if and only if L is nef if and only if L = ^^Ky/c + nF with 
m, n e Nq. 

We will now use Lemma [5. 131 to obtain strong restrictions on the MMP. 

5.16. Lemma. In the situation of Setup [X^l suppose that divaXc — dimC = 2. 
Let iii : Xi he a step of the MMP. 

Let S' C Xi^i be an irreducible surface such that the map S' —i- C is surjective. 
Suppose that —I^Xi-i-i/cls' is nef but not big. Suppose moreover that either 

• we have -i^Xi+i/cls' = 0; or 

• the divisor — i^Xi+i/c|s' is ample on the fibres of S' — ?> C. 

Then the following holds: 

(i) Suppose that fXi is a flip: then S' is disjoint from the flipping locus, 
(a) Suppose that jii is divisorial with exceptional divisor Di. Then either fii{Di) 
is disjoint from S' or fj,i{Di) C S". If fii{Di) C S' , the map fii(Di) C is 
surjective and —Kxi+i/c\s' ^ 0. 
(iii) Let S C Xi be the strict transform of S' . Then —K^Xi/c\s is nef but not big. 

Proof. Proof of (i). Arguing by contradiction we suppose that 5" is not disjoint 
from the flipping locus Z. Since —Kxi^i/c\s' is nef, the intersection 5' fl Z is non 
empty and finite. Using the notation of Remark 15. 5[ let C F.; be the strict 
transform of S' . Restricting ((36|) to F5 we obtain 

P*{~Kxjc)\ts = <i:{~Kx,^,/c)\ts - (5]a,,,A.,) nFs. 

The divisor iJ2 '^ij-^ij) being Q-Cartier, the non-empty intersection E := 
(^dijDij) n Fs is a non-zero g^lrs "Exceptional effective Q-divisor on F5. Since 
F5 is not Pi-exceptional and surjects onto C, it follows from Corollary 15.121 
that Pii—Kxi/c)\rs is pseudoeffective and nef over C, moreover it is (?i|r<;-nef. 
If — -ft^Xi+i/cIs' = this already gives a contradiction, so suppose now that 
—Kx-^-^/c\s' is ample on the fibres of S' — > C. 

Recall that the flipping locus Z is contained in the fibres of Xi^i — > C (cf. 
Remark I5.10|) , so is vertical with respect to the fibration F5 — > C. Yet by 
Lemma 15.131 applied to the birational map qi\rs- ~^ S' we see that E = 0, a 
contradiction. 
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Proof of (a). Let S <Z Xihe the strict transform of S", then we have an induced 
fibration S C. Using the notation of Remark 15.61 and restricting (1571) to S we 
have 

(41) - Kxjcls = i^:{-Kx^^,/c)\s- - KiD, n S), 

If iJ,i{Di) is not disjoint from S' , then I?^ n 5 is a non-zero effective divisor. Note 
that the restriction —Kx-/c\s is pseudoeffective and nef over C, moreover it is 
/i^-ample. If —Kx-_^_-^/c\s' = then (HIT) shows that ~Kx-/c\s is anti-effective and 
not zero, a contradiction. 

Suppose now that — .ft^Xi+i/cIs' is ample on the fibres of S' — > C. Then we know 
by Lemma 15.131 that Di n S is empty unless it has a horizontal component. Since 
DiCl S has a horizontal component, the irreducible curve iii(Di) is contained in S' 
and surjects onto C. 

Proof of (in). If the image of the exceptional (resp. the flipping locus) is disjoint 
from S' the statement is trivial. If this is not the case, then by (i) and (m) the 
contraction fii is divisorial and — i^Xi+i/cIs' is ample on the fibres of S' — )■ C. Thus 
we can apply Lemma 15.131 to see that —Kx-/c\s is nef and not big. □ 

The next lemma describes the Mori fibre space at the end of the MMP: 

5.17. Lemma. In the situation of Setup [57^ suppose that dimXc ~ dimC = 2 
and that the general ip-fibre is rationally connected. Suppose that Y is a surface. 

Then Y is smooth, the fibration t: Y ^ C is a -bundle and ^-Ky/c nef. 
Let IS. (ZY be the \-dimensional part of the ijj-singular locus. 

• If A ^0, it is a smooth irreducible curve and the map A C is etale. We 
have A = —XKy/c with A G Q"*". Moreover S' := 'ip~^{A) is an irreducible 
surface .such that —Kx^/c\s' is nef but not big. The restriction —Kxf./c\s' 
is ample on the fibres of S' ^ A and if I d S' is an irreducible component 
of a general fibre of S' A, we have —Kx^/c ■ I — ^■ 

• If A = 0, then Y is a -bundle, in particular X^ is smooth. 

Remark. If A it is -a priori- not clear that X^ is Gorcnstein and X^ — S> Y 
is a conic bundle, cp. jMP08[ §12] and [PSMl p.483]. 

Proof. By CoroUarv 15 . 121 we know that —Kx^/c is nef in codimension one and nef 
over C. By Remark 1 1.1 21 this implies that Kj^^^^ is a pseudoeffective 1-cycle. We 
claim that —Ky/c is pseudoeffective and nef over C . 

Proof of the claim^^ The fibration ^ does not contract a divisor, so it is equidi- 
mensional. Since a terminal threefold has at most isolated singularities, there are 
at most finitely many points Z ClY such that [Xk \ 4'^^{Z)) {Y \ Z) \s a. conic 
bundle. Thus we have |Miy831 4.11] 

(42) V*(^i/c) = ~(4ifr/c + A). 

The cycle Kj^^^^j is pseudoeffective, so its image —{AKy^c + A) is pseudoeffective. 
This already proves that —Ky/c is pseudoeffective. We will now follow an argument 



For experts it is not difficult to deduce tlie claim from general results on the positivity of 
direct image sheaves, cf. |BP08I Cor.0.2] [HorlOl Lemma 3.24], 
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from |PS98[ p.482]: let B C F be any irreducible curve that surjects onto C. Since 
—Kxf./c is ^/j-ample and nef over C, the restriction —Kxi^/c\4>-'^{b) is nef. Thus 
we see by the projection formula and (|42]) that 

(43) < i-Kxjcf ■ i^'\B) - -{AKy/c + A) • B. 

In particular we have —Ky/c ■ B > unless _B C A. Arguing by contradiction we 
suppose that there exists an irreducible curve B C A such that —Ky/c ■ B < 0. 
Since B C A the inequality (|43l) then implies 

{Ky/c + B)-B < (Ky/c + A)-B^ {'iKy/c + A)-B + 3{-Kyfc -B) <0. 

Thus if B is the normalisation of B, the subadjunction formula |Rei94j shows that 
degJC^yp < 0, a contradiction to the ramification formula. This proves the claim. 

We can now describe the surface Y: the general fibre of Xk C is rationally 
connected, so the general fibre of F — > C is P^. Thus we know by CoroUarv 15.141 
that y — > C is a ruled surface and —Ky/Q is nef. 

1st case. A ^ 0. Since tp is a conic bundle in the complement of finitely many 
points, the general fibre over a point in A is a reducible conic. It is well-known that 
ii I C S' is an irreducible component of such a reducible conic, then S' ■ I = —1 and 
—Kxf./c ■ ^ = 1. Using p{Xk/Y) = 1 standard arguments prove that A and S' are 
irreducible, cf. |MP08| Rem.2.3.3]. 

In the proof of the claim we saw that —{AKy/c + A) is pseudoeffective. Since 
—Ky/c is nef and {~Ky/cY = we obtain 

< -Ky/c ■ {-4:Ky/c - A) = Ky/c • A < 0. 

Since F is a ruled surface, the equality —Ky/c • A = implies that that A = 
—\Ky/c with A G Q"*". In particular A surjects onto C and we have A^ = 0. By 
adjunction we see that Kf^/c has degree 0, so A ^ C is etale and A is smooth. 

Since A surjects onto C, the divisor —Kxf./c\s' is nef and ample on the fibres 
of S" ^ A. Using the projection formula and (|42]) we have 

{-Kx,/cf ■ S' = -{AKy/c + A) • A = 0, 

so -Kx^/c\s' is not big. 

2nd case. A = 0. The terminal threefold is Cohen-Macaulay and the fibration 
on the smooth base Y is equidimensional, so '0 is fiat. Moreover ij: has at most 
finitely many singular fibres. Thus is a P-'^-bundle by [ARM12[ Thm.2.]. □ 

5.18. Proposition. In the situation of Setup \5.4[ suppose that dim Xc— dim C — 2 

and that the general ip-fibre is rationally connected. Then —Kx^/c '^6/ 

Proof. By CoroUarv 15 . 121 we know that —Kx^/c is nef in codimension one and nef 
over C. By Lemma [5. 171 we know that F C is a ruled surface such that —Ky/c 
is nef. Let A C F be the 1-dimensional part of the ^'-singular locus. 

Denote by . . . , i?m} C X^ the finite (maybe empty) set of curves such that 
—Kx^/c ■ Bj < 0. Since —Kx^/c is nef over C and V'-aniple, we see that for all 
j e {1, . . . , m}, the curve ijj{Bj) is a fibre of the ruling Y C. 

1st case: A ^ %. Let S' C Xk be the surface constructed in Lemma [5.171 We 
will describe the MMP X Xk in a neighbourhood of S' . 
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We set Sk := S' and for every i e {0,...,fc — 1} we define inductively Si C Xi 
as the strict transform of Si+i C X^+i. Consider now the largest m G {1, . . . ,k} 
such that the surface Sm+i is not disjoint from the flipping locus of /im or, if fim 
is divisorial, the image /Zm(Dm) of the exceptional divisor. Since /ife o . . . fx^+i is 
an isomorphism near Sm+i we see that Sm+i — S' and by Lemma 15.171 the divisor 
— i^x^+i/clSm+i is nef but not big. Moreover —Kx^^i/clsr^+i is ample on the 
fibres of Sm+i A. Thus we can apply Lemma 15.161 and see that is divisorial, 
the curve fimiDm) is contained in Sm+i and surjects onto C. Since X„i+i has only 
finitely many singular points and ^rn{Dm) is a lei curve in its general point, we see 
by pS98,. Prop. 0.6] that is generically the blow-up of the curve In 
particular we have 

-Kx„JC = -fJ'mKx,„+i/C - Dm- 

Let I C Sm+i be an irreducible component of a general fibre of Sm+i A, and let 
I' C Sm be its strict transform. Since fMm{Dm) intersects I, we have Dm -l' > 1- By 
Lemma [5. 171 we have 

SO —Kx^/c ■ I' = 0- By Lemma [5.161 the divisor — i^Xm/cISm is nef. Since it is 
numerically trivial on the general fibre of / : Sm A, we see that —Kx^/c\Sm = 
f*H with H a nef Q-Cartier divisor on A. However by Lemma [5. 131 we have 

i-Kx^/c\sJ ■ M™(-ifx„+,/c|5„,+J - 0. 

Since —Kx^^-^/clsm+i is ample on the fibres of Sm+i — > A, we see that H = 0, 
so —Kx^/c\sm = 0- Thus we are in the first case of Lemma 15.161 for every 
I G {0, . . . , m - 1}, the MMP is disjoint from 5*^. 

We will now argue by contradiction and suppose that —Kx^./c is not nef. Then 
the surface Sk meets the curves Bj in finitely many points. On the one hand 
we have just seen that the surfaces Si are disjoint from any flipping locus of the 
MMP and if the contraction is divisorial and Si is not disjoint from fii{Di), then 
^i(Di) surjects onto C. On the other hand we know by Lemma l5.7[ (iii) that Bj is 
contained in a flipping locus or the image of an exceptional divisor. Thus we have 
Bj n Sk = 9>, a, contradiction. 

2nd case: A = 0. By Lemma r5.17l the variety Xk is smooth and Xk — > F is a P^- 
bundle. Using the Grothcndicck-Riemann-Roch formula |Har77[ App.A, Thm.5.3] 
we see that 

Ci{ij4uJ*x^/Y)) = 0, C2i^P4uJ*x^fY)) = 2^X^/Y- 

Since '0*('^Xfc/c) — '^*i'^Xk/Y) ^y/c ^^"^ ^y/c wc deduce that 

ci(V'*(^Xfc/c)) = -'iKY/c: C2(V'*(wi,/c)) = 

Let A dY he a. general hyperplane section, then 4''^^ {A) — > A is a P^-bundle and 
—Kxf,/c\^-'^{A) is nef, since %l!~^{A) n Bj is a finite set for every j. In particular 
the direct image is nef. Thus ■(/'♦("^^^./c) is generically nef for any 

polarisation A and by [Miy87[ Thm.6.1] one has 

C2(V'*(wi,/c)) > 0. 

We claim that K^^^^ < 0, by what precedes this implies C2(i/'*('^Xfc/c)) ^ 
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Proof of the claim. Recall that K^^j^ is a pseudoeffective cycle and 
'tp^,{K^^^^,) = —AKy/c- Let {Kn)n&i be a sequence of effective 1-cycles with ratio- 
nal coefficients converging in Ni{Xk) to K^^^^. Then we can write 

m 
J = l 

where i?„ is an effective f-cycle with rational coefficients such that —Kx^/c'Rn > 0. 
If H is an ample divisor on Xk, the degrees H ■ [rjj^nBj) and H ■ i?„ are bounded for 
large n G N by (i/ • K'^^j^j) + I. Thus, up to replacing Kn by some subsequence, 
we can suppose that the sequences rjj^n and i?„ converge. Thus we have 

m 

where i?oo is a pseudoeffective cycle such that -~Kxt,/c ■ ^oo > 0. Pushing down 
to Y we have 

m 

-AKy/C = ^Vj,oo1p*iBj) +-0,(i?oo)- 

Recall now that Ky/Q = and — i^Ty/p ■ ip^,{Bj) > for all j. Then the preceding 
equation shows that ?7j,oo = for all j, hence we get K'^^^^ = _Roo and 

= -^X./C • i?oo > 0. 

This proves the claim. 

Conclusion. We will now prove that 'ip^,{uj'^^^^,) is a nef vector bundle. Since the 
natural morphism 

V'*V'*(wx,./c) -^^*x,/c 
is surjective, this proves that —Kx^/c is nef. If ■(/'^(cj^^yp) is stable for some 
polarisation A the property 

c?(V'*('^x,/c)) = -3i^Y/c = 0' C2(V'*('^ifc/c)) 

implies that V'*('^Xfc/c) projcctively flat with nef determinant |BS941 Cor. 3], 
hence nef. We already know that V :— ^-)<t{LJ*^^i(j) is generically nef for any po- 
larisation A on y. Thus if F -> Q is any torsion- free quotient sheaf, then Q is 
generically nef for any polarisation A onY . By Remark 15. 151 we then have 

„ — m 
detQ = —Ky/c + nF 

with m, n € Nq. Suppose now that V is not stable with respect to the polarisation 
^Kyjc + \F. Then there exists a stable reflexive subsheaf F dV such that the 
quotient Q := V/ J- is torsion-frec and the slope is less or equal than the slope 
^JL[V). An elementary computation shows that detQ = —j^Kyjc with m < 2ikQ. 
In particular we have det-F = ATy/c-. Since C2(Q) > by |Miy87[ Thm.6.1] 

and C2{T) > by the Bogomolov-Miyaoka-Yau inequality we see that C2{T) = 
and C2{Q) = 0. In particular J" is projectively flat with nef determinant |BS94i 
Cor. 3], hence nef. The same holds for Q if it is stable. If Q is not stable we easily 
prove that it is an extension of two line bundles Li and L2 which are non-negative 
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multiples of -^Ky/ci in particular Q is nef. Thus V is an extension of nef vector 
bundles, hence nef. □ 

Remark. The proof of the second case A = is tedious and rather ad-hoc. If 
we could suppose the existence of a curve Cq C F such that —Ky/c • Cq = we 
could argue as in the first case. Unfortunately the curve Cq does not always exist, 
cf. Remark [S^H 

5.19. Proposition. In the situation of Setup \5.4\ suppose that dim Xc— dim C — 2 

and that the general ip-fibre is rationally connected. Suppose also that there exists 
an effective divisor Aq C Xc such that Aq = —mKxc /c for some m G N. Then 
every jii is a divisorial contraction onto some Stale multisection, and —Kxi/c 
nef for all i G {0,...,fc}. If Xc is Gorenstein, the fibration Xc C is locally 
trivial in the analytic topology. 

Proof. Note first that —Kx^/c is nef: if dimF = 2 this was shown in Proposition 
15.181 if dim Y = 1 the Mori fibre space and the fibration Xk C identify, so 
—Kx^/C is relatively ample and nef over C, hence nef. Let F be a general fibre of 

Step 1. Description of the MMP. We denote by M G Pic°C a divisor such that 

A^eH\Xc,-mKxa jc + (p*M). 

For every i G {0, . . . , fc} we denote by Mi the pull-back of M to Xi via the natural 
map Xi — >■ C. Setting inductively A^+i = {fii)^Ai for every i G {0, . . . , fc — 1} we 
have 

A, G H"{X„ ~mKx,/c + Mi) V i G {0, . . . , fc}. 

The divisor Ai being effective we see that —Kx^/c is nef if and only if its restriction 
to every irreducible component of Ai is nef. Note that if the contraction /ii is 
divisorial with exceptional divisor Di , we have 

i/0(X,+i, [tJii).{OxA'~mKx^,c + M,))) = {-mKx^^,,c + M.+i) ® J), 

where is an ideal sheaf whose cosupport is ^i{Di). In particular Ai+i contains 
^i{Di). Since —Kx^/c is nef, the contraction /ife is divisorial. 

1st case. Suppose that Kp — 0. By Lemma 15.171 and (j42p we have '0*(-ftr^^^j^) = 
—mKy/c with to > 0. Restricting to the general fibre F the condition — 
implies that to = 0. Thus the pseudoeffective cycle Kxk/c i^ numerically equivalent 
to III where I is a general ■(/'-fibre. Thus we see that = {-Kx^/cf = 2Ai- Hence 
we have K'^^^^ = 0, in particular the restriction of —Kxk/c to any component 
of Ak is numerically trivial. If the MMP X Xk is not an isomorphism, then 
iJ-k{Dk) is not disjoint from Ak, a contradiction to Lemma l5.16f ii). 

2nd case. Suppose that Kp > 0. In this case we can apply Corollary 14. 21 to see 
that Xk C is locally trivial in the analytic topology, in particular Xk is smooth. 

Suppose for the moment that —Kx^/c is nef and relatively big for some i G 
{l,...,fc}. We claim that the divisor Ai is a union of irreducible components 
— ^ bi,iAi^i such that for every I the natural map Ai^i ^ C is surjective and 
~Kxi/c\Ai^i is either numerically trivial or nef and relatively ample, but not big. 
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Proof of the claim. Since —Kxi/c is nef but not big, the restriction —Kx-/c\Ai ; 
is not big. Since ® M is numerically flat we can see as in the proof 

of Proposition 14.11 that Ai C is locally trivial. In particular all the irreducible 
components surject onto C and if —Kxi/c\Ai i is relatively big for the fibration 
A-ij — > C, it is relatively ample. Thus we are left to show that if —Kxjc is nu- 
merically trivial on the fibres of Ai^i — > C, then its restriction to Ai^i is numerically 
trivial. Note that in this case Ai^i is contracted by the morphism to the relative 
anticanonical model 

v,:X,^ X[ C P(((^,)*Kr/c)) 

with d 3> 0, and the image of Vi{Aij) is an irreducible component of {X^)sing- Since 
— C is locally trivial, the curve iyi{Ai^i) is an etale multisection and a connected 
component of (X^)si„g. After etale base change we can suppose that VilAi^i) is a 
section. If 2x' is the ideal of X'^ in ¥{Vi) the direct image {Lpi)^{2x' 'S^ ^r{Vi)i^)) 
is numerically flat for e ^ (cf. the proof of Theorem II. 3|) . so ((y3i),(2'(x')si„g €5 
Op(^Vi){^)) is also numerically flat. In particular the section VilAi^i) corresponds to 
a numerically trivial quotient of Vi, hence 

= Op(Vi){e) ■ {X[)stng = -edKx'JC ■ {X'i)smg- 

Since Vi is crepant this proves the claim. 

We will now prove by descending induction that —Kxjc is nef and relatively 
big for alH G {1, . . . , fc}. This is clear for z = fc, so suppose that it holds for j + 1. 
Since —Kx^^-^/c is nef, the contraction fii is divisorial with exceptional divisor Di 
and fii{Di) is contained in Ai^i. By the claim the irreducible components Ai^i^i 
satisfy the conditions of Lemma l5.16l Thus Hi{Di) is a curve surjecting onto C and 
the divisor —Kxjc is nef on the strict transforms of all the irreducible components 
Aij^i^i. This already proves that —Kxjc\Ai is nef, unless Ai has one irreducible 
component more than Ai+i, the exceptional divisor Di. Clearly —Kxi/c\Di is 
relatively ample with respect to Di — >• iii{Di). Yet fii{Di) surjects onto C, so the 
restriction —Kxi/cloi is nef over ^i{Di). This proves that —Kxi/cloi is nef, hence 
—Kxi/c\Ai is nef. Since —Kx-/c is nef we know by |PS98I Prop. 4. 11] that /ij is 
the blow-up along an etale (multi-)section. 

Step 2. (fi is locally trivial. By what precedes the first step of MMP is a divisorial 
contraction fiQ : Xq — > Xi contracting a divisor Dq onto an etale multisectiorF^. In 
particular —Kx-^/c is nef and 931-big where Lpi : Xi — )■ C is the natural fibration. 
By Corollarv 14.21 the variety Xi is smooth, so Xq is smooth. Moreover —Kx^jc ~ 
Mo-^Xi/c is nef and ^-big, hence for m e N the direct image ip^,{uj'^~J^ ® ^oOj®"^™) 
is nef [K0I86I . The inclusion (^o)*(w®~y™) ^ ^%~Jc yields an inclusion 

^*\^Xo/c ® t^o^Xi/c) ^ [Vi)*(^xi/c )■ 



The case of a trivial MMP can be excluded as follows: consider the Mori fibre space ip : 
Xc = X}^ — >■ Y. Since Xc is Gorenstein, the fibration V is a conic bundle [Cut88l Thm.7]. 
The discriminant locus A is smooth by Lemma l5.17l so all the fibres over A are reducible conies 
[Sar82l Prop. 1.8. 3)]. Thus the associated two-to-one cover A — ^ A is etale, hence A — C is etale 
by Lemma l5.17l Arguing as |PS98I Prop.0.4, Rem.0.5] we see that Xq x A — >■ A admits a Mori 
contraction that blows down exactly one (-l)-curve in every fibre. 

32 



The sheaf {'^i)*{oj'^^J^^) is numericaUy flat for ah m by Proposition 13.111 
so (y9,(a;®~^™ ® ^qUj'^^J^) is also numerically flat for all m » 0. By the relative 
base-point free theorem the natural map 

is surjective for all m 3> 0, so we obtain a birational morphism fj,: Xq — > Xq onto 
a normal projective variety (p' : Xq ^ C embedded in ip' : ¥{Em) — > C where 
Em V*{^'x~Jc ® f^o^x~/c^ ^'^^ some fixed m » 0. We can now argue as in the 
proof of Theorem 11.31 denoting by Xx^^ C C'p(b^) the ideal sheaf of Xq C P(-Em), 
we have for every d an exact sequence 

Thus {ip')^,{Ix;^ 'S> Opi^E,„){d)) is numerically flat, so ip' : Xq — ;> C is locally trivial 
with fibre F' by Proposition HT] 

The Cartier divisor —Kxq/c is /i-trivial, so we have Kx^jc — V'*Kx'^ic |KM98| 
Thm.3.24]. Thus Xq — > Xq is a crepant resolution of the normal projective variety 
Xq, and a smooth t/j-fibre F is the minimal resolution of the general t^s'-fibre F' . In 
particular F is unique up to isomorphism, arguing exactly as in Step 2 of the proof 
of Theorem II. 31 we see that Xc — > C is locally trivial with fibre F . □ 

5.C. Main result. In this section we will prove Theorem 11.61 Proposition 15.191 
obviously settles the main part, however we proved the statement under a nonva- 
nishing condition which is not satisfied in general (cf. Remark l5.22p . We will now 
show that these properties hold if we start with a fibration onto a torus. 

5.20. Lemma. Let X he a projective manifold such that —Kx is nef. Let tt : 
X ^ A be the Alhanese fibration, and suppose that —Kp is nef and abu,ndan¥^ 
for the general 'K-fibre F . Then there exists an effective divisor A <Z X such that 
A = —mKx for some m G N. 

Proof. Since —Kp is nef and abundant we know by the relative version of Kawa- 
mata's theorem |Fujll[ Thm.1.1] that —Kx is 7r-semiample, so for every sufficiently 
divisible m ^ the natural map 

is surjective. Thus —mKx induces a morphism ip: X onto a normal projective 
variety t:Y^A such that —Kx ~q il)*H with H a nef and r-ample Cartier 
divisor. Since tt is equidimensional [LTZZIO) . the fibration t is equidimensional. 
By [Amb05[ Thm.0.2] there exists a boundary divisor Ay on Y such that the 
pair (Y, Ay) is kit and H —{Ky + Ay). In particular the variety Y is Cohen- 
Macaulay, so the equidimensional fibration r is flat. Thus we can apply Proposition 
13. Ill to see that for sufficiently divisible m ^ 0, the direct image sheaf 

TT^^^^") ~ T.,{OY{-m{Ky + Ay))) 

is a numerically flat vector bundle. By }DPS94( Thm.1.18] there exists a subbundle 
F C 7r*(a;^®™) such that F is given by a unitary representation 'Ki[A) [/(rkF). 
The group t^i{A) is abelian, so the representation splits, i.e. is a direct sum of 



'Cf. [Fuj 1 1] for the relevant definitions. 
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numerically trivial line bundles. In particular there exists a M e Pic j4 such that 
H°{A,M (g)F) j^O. □ 



5.21. Lemma. Let J : M ^ C he a fihration from a normal (J-factorial threefold 
with at most Gorenstein terminal singularities onto a curve C such that —K^/c 
nef. Suppose that the general fibre F is rationally connected and Kp — 0. 

(i) Then we have ci{f\{oJM^(j)) = 0. 

(ii) If h^{F, —Kp) = 1, there exists an effective divisor A C M such that A = 
-Km/c- 

5.22. Remark. Let C be a curve of genus at least two, and let [/ be a rank two 
bundle of degree on C such that all the symmetric powers S*™?/ are stable (such 
vector bundles have been constructed by Mumford). Set M := P(J7), then —Km/c 
is nef, but not numerically equivalent to any effective Q-divisor. 



Proof. Proof of (i) By the Grothendieck-Riemann-Roch formula [Ful98| 
Thm.l5.20we have 

td{Tc)ch{f,{ujlj/c)) - f*{ch{-KM/c)td{TM)). 

We will prove that the degree 3 component of ch{—KM/c)'td(TM) is equal to 1 — 
which by the formula above implies the statement. 

Since K'^^j^ = and K^ = we have 
(44) KIj/c ■ Km = 0, Km/c ■ = 0. 

The Chern character of —Km/c is ch{—KM/c) = 1 ^ Km/c + ^-^m/c ^^'^ ^'^^ 
Todd class is 

Thus the degree 3 components of ch{—KM/c)td{TM) are given by 



(45) x{M, Om) - Km/c ■ ^^f^'^^ + -^Kl,,^ ■ Km. 



Since we have x{M,Om) = -^^mMMI and f*Kc ■ C2{M) = (2.g - 2)c2(F) and 

C2(F) = 12 we obtain -Km/c ■ = 2x{M,Om) + 2g - 2. Using ^ the 

formula (|45p simplifies to 3x{M,Om) + 2^ — 2. The general /-fibre is rationally 
connected, so we have x(^^i Cm) = x{C, Oc) = I — g. 

Proof of (ii) Note that for a general fibre F we have h^{F, —Kp) — h'^{F, —Kp) = 
0, so f^{ujlj-^fj) is a torsion sheaf for j > 1. If Fq is an arbitrary fibre, then by 
Serre duality h^{FQ, -Kp^) = h^{Fo,2Kp^) — since Kp^ is by hypothesis antinef 
and not trivial. Thus we have f j ^j) — and 

f'-i^M/c) = f*i^M/c) ~ R^f*{^M/c)- 



"'^'^The statement in |Ful98l is only for a smooth total space, but if ^ : M' — > Af is a resolution 
of singularities one checks easily that ch{—Kf^/Q)td{TM) = ch{~fj,* Kj^.j/Q)td(Tnfi). Thus the 
formula holds since we can apply [Ful98l Thm.15.2] to / o /i. 
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Since f ^{uj*j^_j j ^) is a torsion sheaf, statement {i) implies that ci(/, (w^^y^)) > 0. 
Thus f^{uj*^ji^) is a hne bundle of non-negative degree, so there exists a numerically 
trivial line bundle L on C such that H°{C, f*{i^*M/c) ® L) ^G. □ 

5.23. Proposition. Let X be a projective manifold such that —Kx is nef, and let 
■k: X T be the Albanese map. Suppose that dimT = dimX — 2 and the general 
TT-fibre F is uniruled but not rationally connected. Then there exists a finite etale 
cover X' X such that q{X') — dimX — 1. Moreover the fibration tt is smooth. 



Proof Let X y be a model of the MRC-fibration |Deb01| such that Y is 
smooth. Then Y is not uniruled, and we denote by Ky = P + N the divisorial 
Zariski decomposition. By jZhaOSl Main Thm.] the positive part P is zercQ- By 
|Drulll Cor. 3. 4] the variety Y/T has a good minimal model Y' /T. By |Kaw85[ 
Prop. 8. 3] there exists a finite etale cover T ^ T such that T XtY' is & torus. Since 
the irregularity is invariant under the MMP, we see that q{T Xt Y) = dimX — 1, 
thus q{T Xt X) = dm\X — 1. This proves the first statement. 

Let now X' ^ X he an etale cover such that q{X') = dimX — 1, and let X' — >■ T' 
be the Albanese map. By Corollarv ll.4l we know that X' T' \s a. P^-bundle. In 
particular the reduction of every 7r-fibre is a P^-bundle Fq over an elliptic curve 
E. Let ij] : X ^ Y he a. Mori contraction over T, then -0 is a P^-bundle, and the 
(reductions of) fibres of r : y — )■ T are elliptic curves. Thus we have Ky = 0, by 
the Beauville-Bogomolov decomposition the fibration r is smooth. Hence tt = toi/j 
is smooth. □ 

5.24. Remark. Proposition 15.231 also holds if X is a compact Kahler threefold: 
using [Paul 2] we see that the base Y of the MRC fibration has k{Y) = 0. Since Y 
is a surface we can run the MMP, in the surface case Kawamata's result |Kaw85) 
follows from the Kodaira-Enriques classification. 



Proof of Theorem ] 1.6\ Let _F be a general 7r-fibre. Using Beauville-Bogomolov we 
easily exclude the case where F is not uniruled. If F is uniruled but not rationally 
connected we conclude by Proposition 15.231 Suppose now that F is rationally 
connected. If Kp > we conclude by Theorem [131 so suppose Kp — 0. 

We fix an arbitrary t ^ T and C C T a general smooth curve such that t ^ C. 
By Corollarv 15.21 the preimage 7r~^(C) is a normal variety with at most canonical 
singularities. The divisor — if7r-i(c)/C is Cartier and nef, so if Xc — t- it^^{C) is 
a terminal Q-factorial model |KM98[ Thm.6.23, Thm.6.25] the divisor -Kxc/c is 
Cartier and nef. By Proposition 15.191 the fibration Xc C is locally trivial if we 
prove that there exists an effective Q-divisor Aq such that Aq = —mKxc/c with 
m € N. If —Kp is not abundant this holds by Lemma l5.2H b). If —Kp is nef 
and abundant we know by Lemma 15.201 that there exists an effective divisor A on 
X such that A = —rnKx- Since C C T is general, the restriction A\t^-i(^c) is an 
effective divisor that is numerically equivalent to — miiT^-i^c'^/c'. The pull-back of 
this divisor to Xc then gives Ao. 



^^The statement in IZhaOSI Main Thm.] is only k(Y) = 0, but the proof consists in showing 
that P = 0. 
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Thus we know that Xc — > C is locally trivial. In particular any curve in a fibre 
of Xc ^> C deforms into a general fibre, hence Xc 7r^^(C) is an isomorphism. 
Thus Xc 7r-i(C) ^ C is locally trivial. □ 



The proof of Theorem 11.61 would be much simpler if we could classify manifolds 
such that —Kx is nef but not semiample. The following example shows that this is 
non-trivial even for threefolds, there by correcting PS98, p.498] and [ PetT2l p.600]. 

5.25. Example. Let C be an elliptic curve, and let La G Pic"C be a line bundle 
of degree that is not torsion. Set Li := L2 := Oc and L3 :— Lf~'^. Then 
V := ®i^QLi is a numerically flat vector bundle of rank four, and we denote by 
ip: ¥{V) — >■ C the projectivisation. The vector bundle S^V contains a subvector 
bundle 



so C'p(y) (3) has global sections corresponding fibrewise to the degree three mono- 
mials XqX^, Xf, . The polynomial XqX^ + Xf + defines a cubic surface in 
P'^ that is normal and has a unique singular point in (0 : : : 1), this point is of 
type D4 |BW79[ Case C]. Thus if we denote by X C f {V) the hypersurface defined 
by the global section of Op(y) (3) corresponding to this polynomial, we see that X 
is normal with at most canonical singularities. Moreover we have 



so —Kx is nef. The singular locus of X is the curve Cq defined fibrewise by 
Xq — Xi — X2 — 0, so it corresponds to the quotient V ^ L3. Since L3 = if ~^ 
we see that ujxlco — ^o- The line bundle Lq is not torsion, so we obtain that 
Co C Bs| — mKxl for all m G N. In particular —Kx is not semiample. 

Let now X' X he a terminal model obtained by taking fibrewise the minimal 
resolution, then X' is smooth and —Kx' is nef and not semiample. One checks 
easily that X' is not a product, even after finite etale cover. 

Proof of Corollary \1.5i If X is projective we conclude by Corollary 11.41 and The- 
orem 11.61 Thus we are left to deal with the case where X is not projective and 
q{X) — 1. Then the general fibre F oi tt: X ^ T is not rationally connected, since 
otherwise H^{X,Ox) = 0. If F is uniruled we apply Remark [5.241 If F is not 
uniruled, the canonical bundle Kx is pseudoeffective |BruQ6| . Thus Kx = and 
we conclude by Beauville-Bogomolov. □ 



For the convenience of reader, we give the proof of the Hovanskii- Teissier con- 
cavity inequality for arbitrary compact Kahler manifolds, which was first proved in 
|Gro90| . The proof here is a direct consequence of TDNTO, Thm A, C] . 




A.l. Proposition. Let {X,ujx) be a compact Kahler manifold of dimension n, 
and let a, P he two nef classes. For every i,j, fc, s G N we have 



uj*x ~ (V'*io®C'p(y)(l))|x, 



Appendix A. A Hovanskii-Teissier inequality 




(46) 
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Proof. Let wi,--- ,uJn~2 he n ~ 2 arbitrary Kahler classes. Thanks to |DN06[ 
Thm.A], the bihnear form on H^'^{X) 



Q([A], [/i]) = / AA/iAwi A--- Aa;„_2 A,^ei?i'i(X) 



/\ l\ l-l /\ uu\ /\ ■ ■ ■ l \ L^n — 2 '^j A* ll^'^^ 

IX 

is of signature (1, /i^'^ — 1). Since a, fi are nef classes, the function f[t) — Q{a + 
tp, a + t(3) is indefinite on M if and only if a and /? are linearly independent. 
Therefore 
(47) 



(aA^Awi A- • ■Acj„_2) > ( / a A wi A • • ■ A w„_2) ^ • ( / /? A wi A • • • A w„_2) ' 

X J X J X 

If we let wi, • • • , LOi-i tend to a, let uJi, - ■ ■ , Wi4.j_2 tend to /3 and take = 
• — uJn-2 — ^x in (l47l) . we have 



(a' A/3-'' Acj^-^-^) > ( / Aw^-*-^')5 • ( / A /^^'^^ A 

X Jx Jx 

Then (1461) is an easy consequence of the above inequality. □ 

A. 2. Remark. It is easy to see that the equality holds in (|47p if and only if a and 
/3 are colinear. 
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